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Comité "Emploi - travail - redistribution"

Modéles collectifs d'offre de travail

Responsable scientifique : P.A. Chiappori

L'objectif poursuivi dans cette recherche consistait a développer et étendre la
formalisation collective des comportements d'offre de travail des ménages. Rappelons que. dans
la formalisation "unitaire”, un ménage est assimilé a un décideur unique; en particulier. son offre
de travail est analysée comme résultant de la maximisation d'une fonction d'utilité censée refléter
les préférences "d'ensemble” du ménage. Le probleme, évidemment. est que cette représentation
n'a pas de fondement réellement solide. On sait, depuis Arrow (voire Condorcet). qu'il est en
général impossible de définir une utilité représentative d'un groupe d'agents. sauf a accepter des
hypothéses trés fortes (existence d'un dictateur, par exemple); et les analyses plus poussées de

la question confirment ce pessimisme.

Cependant, si cette critique est souvent acceptée, il n'existait. jusqu'a récemment. aucun
modéle explicite et convainquant de comportement qui se distingue réellement de la forme
"unitaire". Un premier pas a €té effectué dans deux articles (Chiappori 1988.1992) consacrés a
un modéle élémentaire d'offre de travail. On montrait, dans ce cadre. deux résultats intéressants:

. d'une part, le modele collectif pouvait engendrer des restrictions testables sur les
comportements observés.

. d'autre part, il était possible, a partir de fonctions d'offre satisfaisant les restrictions.

d'identifier les caractéristiques structurelles (préférences, régle de décision) sous-jacentes.

Ces résultats étaient particuliérement stimulants, dans la mesure ou ils suggéraient que
la direction de recherche retenue ouvrait bien des perspectives prometteuses. Cependant. le
modéle de base souffrait d'une simplification importante des hypothéses. Citons quelques lacunes
évidentes : caractére continu des offres de travail; absence de consommation collective: absence
de production domestique; formulation statique; etc. L'objectif du projet était donc de contribuer

a pallier quelques-unes de ces imperfections.
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1. Travail marchand et travail domestique

Un premier progres a consisté a prendre en compte. dans le cadre du modele initial.
I'existence d'un travail domestique en sus du travail marchand. Une premiére version montrait
que les résultats du modele de base s'étendaient a la condition que le prix du bien domestique
s'égalise entre les ménages (ce qui est le cas, par exemple. s'il existe un marché des services de
ce type); notons que l'on ne requiert pas, en revanche, d'observer ce prix. ni d'ailleurs la
production de bien domestique a I'intérieur du ménage. Des développements récents ont conduit
a un réexamen du probléme, allant dans le sens d'une plus grande généralité. En particulier. on
a étudié en détail le cas ou le prix du bien n'était pas uniforme entre ménages. soit que le march¢
correspondant n'existe pas, soit que des solutions de coin (non participation. par exemple) soient

obtenues.

Dans ce cadre, deux résultats ont €té prouves :

. d'une part, si I'on suppose l'existence d'au moins deux sources de revenu non salarial (par
exemple du fait de revenus spécifiques du mari et de la femme). alors I'impact de chaque source
sur la régle de partage peut étre exactement identifié, méme si l'effet des salaires reste ambigu.
Cette propriété peut se révéler précieuse, notamment lorsque l'analyse a pour but d'estimer les
effets d'aides spécifiques (allocations....), qui par définition interviennent comme des revenus non
salariaux, et qui, de plus, sont souvent versées formellement a I'un des conjoints (la mere en

général).

. par ailleurs, on montre que des hypotheses plus spécifiques sur la forme des processus de
décision permettent de lever I'indétermination. Par exemple. si I'on suppose que la négociation
intrafamiliale ne dépend que des contributions respectives des membres au revenu total. alors la

régle de partage peut étre identifiée (toujours a une constante pres).

Ce travail a donné lieu a publication dans le Journal of Political Economy. on trouvera.

en Annexe 1, une copie de cet article.
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2. Offre de travail discreéte et participation

Seconde extension, de nature plus empirique : I'extension au cas d'une offre de travail
discréte. Dans la formalisation unitaire, une bonne part de I'économétrie de l'offre de travail se
fait a partir de modéles dits de participation, dans lesquels on étudie la décision d'entrée sur le
marché du travail. La théorie de ces modeles a été faite il y a plusieurs années: on sait.
notamment, qu'il est possible d'identifier dans un tel contexte la fonction d'utilité sous-jacente.
La contrepartie "collective" de ces travaux fait l'objet d'une collaboration avec T. Magnac
(INRA) et les Professeurs R. Blundell et C. Meghir (University College. Londres). Dans ce cadre.
le financement obtenu a permis de nombreux échanges entre participants. et notamment plusieurs

séjours de longue durée de chercheurs frangais ou anglais auprées de I'équipe partenaire.

Diverses avancées ont été réalisées. Tout d'abord, un examen préliminaire des données
a été effectué (il s'agit de données britanniques). On a pu constater une dissymétrie nette selon
le sexe. L'offre de travail des hommes est essentiellement discrete. et se rameéne a un choix
activité a temps complet et inactivité. En revanche, le nombre d'heures de travail des femmes est
beaucoup plus lisse, et varie de fagon quasi continu (méme si. ¢videmment. des modes sont

perceptibles autour des durées de mi-temps et plein-temps).

Ces faits stylisés ont été traduits dans un modéle ou 'offre de travail de I'un des membres
est discréte, l'autre continue (avec cependant solution de coin pour la non-participation). La
résolution théorique est terminée; on a montré, en particulier. qu'il était encore possible
d'identifier les préférences et la régle de partage, bien que l'identification repose a présent sur des

techniques beaucoup plus complexes.

La spécification économétrique a posé des problemes beaucoup plus délicats. Le point
central est I'introduction de facteurs d'hétérogénéité non observée. On a pu. en fait. introduire une
structure assez riche, en autorisant trois niveaux d'hétérogénéité (affectant respectivement les

préférences de I'homme, celles de la femme, et la régle de partage des revenus au sein du couple).

La documentation Francaise : "Modéles collectifs d'offre de travail : rapport final du comité ""Emploi - travail - redistribution™ /
sous la responsabilité de Pierre-André Chiappori ; Commissariat général du Plan."



4

Cette ambition est d'autant plus forte que le modele se heurte par ailleurs aux problemes
classiques de l'économétrie de I'offre de travail discréte. Par exemple. la décision d'entrée sur le
marché du travail est modélisée en termes de salaire de réserve: 'idée étant qu'un agent acceptera
de participer si le salaire qui lui est offert dépasse un certain seuil. propre a l'agent. D'une part.
ce seuil est inobservable, et doit étre estimé. D'autre part, et plus grave. dans le cas des agents
inactifs, le salaire potentiel est également non observé. La solution simple. consistant a recalculer
un salaire 'moyen’' a partir des caractéristiques propres de l'agent (4ge. €ducation. ...) est
incorrecte en présence d'hétérogénéité; en effet, le fait qu'un agent soit inactif suggere que le
salaire qui lui a été offert était sans doute inférieur a la moyenne ainsi calculée (techniquement.

on a biais de sélection).

Le résultat fort, dans ce contexte, est que le modéle collectif ainsi construit est identifiable sous
certaines hypotheéses. De plus, celles-ci ne sont pas plus contraignantes que dans le cadre d'un
modéle unitaire. II s'agit, pour l'essentiel, de relations d'exclusion. impliquant 'existence de
variables influengant certains aspects des phénomeénes et pas certains autres. Il faut. par exemple.
disposer, pour chaque membre, d'une variable affectant son salaire potentiel mais pas ses
préférences (on peut penser a la situation du marché du travail). et. inversement. ses préférences
mais pas son salaire potentiel (par exemple, son patrimoine). Tout ceci est a priori nécessaire
pour I'estimation d'un modéle unitaire. La seule différence est la nécessité. dans le cadre collectit.
de disposer également d'un facteur de distribution, c'est a dire d'une variable indépendante des
préférences des agents qui puisse affecter le processus de décision intra-tamihial. Nous

reviendrons plus loin sur ce point.

On trouvera, en Annexe 2, |'état actuel d'avancement du modele théorique. En particulier.
la note en question, de nature interne, reprend les équations d'identification. et montre par ailleurs

comment l'estimation est possible.
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3. Offre de travail et 'marché du mariage'

Les travaux précédents partaient d'une modélisation discrete de l'offre de travail.
Parallélement, nous avons étudié une modélisation continue de ce méme phénomeéne. L'idée est
ici d'étudier le nombre total d'heures de travail par an, en fonction des déterminations habituelles
(salaires, revenus non salariaux, déterminants socio-démographiques. etc.). Ce genre d'approche
parait plus pertinente dans le cadre nord américain, ou le marché du travail est plus fluide. et ou
le choix du temps de travail (heures par semaine, mais aussi semaines par an et années dans le
cycle de vie) beaucoup plus flexible qu'en Europe. Les applications empiriques ont donc porté
sur des données issues du PSID (panel study of income dynamics) mis en place aux Etats-Unis.
relatives a l'année 1988. Le travail a été mené en collaboration avec B. Fortin et G. Lacroix. de
I'Université Laval a Québec; le financement regu a notamment permis a ces deux spécialistes de

séjourner a Paris pendant deux mois.

L'article correspondant, encore sous forme préliminaire. figure en annexe 3. On se

contentera ici d'en souligner deux aspects.

. en utilisant les techniques décrites dans Chiappori (1992), généralisées pour I'occasion. on
arrive a estimer les caractéristiques des processus de décision inteme des ménages. et notamment
la "régle de partage”, qui décrit les transferts intra familiaux résultant de modifications de
I'environnement. Les valeurs trouvées sont vraisemblables, mais suggerent des effets de type
'pouvoirs de négociation' assez prononcés. Par exemple, on estime l'effet. sur les transferts
internes, d'une hausse de 1$ du salaire horaire (soit, en termes annuels. un gain d'environ 2.0003).
Les effets sur 'offre de travail suggérent qu'en fait, la quasi-totalité du surplus reste a l'agent
bénéficiaire de la hausse de salaire; pire, celui-ci s'avére méme capable d'attirer unc part plus

importante du revenu non salarial.

. un second objectif du travail consistait & introduire, dans ces estimations. des 'facteurs de
distribution', c'est a dire des variables qui influencent le processus de décision sans étre

endogénes par rapport aux préférences. Dans une ligne beckerienne. nous avons tenté d'utiliser
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le ratio hommes/femmes dans le comté en question. L'idée sous-jacente était que. dans un
contexte ou les femmes sont relativement 'rares’, elles pourraient avoir une position meilleure
dans une éventuelle négociation intra-familiale, notamment si cette rareté est corrélé avec une
plus grande facilité de rencontre d'un partenaire de remplacement. Surtout. il s'agissait la d'une
variable exogéne - alors que les études précédentes, a commencer par les travaux relatifs a

l'agrégation du revenu ("income pooling") risquaient d'étre affectées par des biais d'endogénéité.

A notre grande surprise, la variable en question est sortie de fagon significative des
régression. De plus, son effet va exactement dans le sens prévu : un ratio favorable aux femmes
(i-e., plus dhommes) tend, toutes choses égales par ailleurs, a décroitre I'offre de travail féminine
et a accroitre I'offre de travail masculine, ce qui, pour des effets revenus de sens habituel. suggére
bien un transfert de revenu non salarial plus important a l'avantage des femmes.

Quantitativement, l'effet est faible mais significatif : un peu moins de 300$ par point de ratio.

Une explication différente, mais assez naturelle, consisterait a supposer des etfets sur le
marché du travail : la rareté relative provoque (ou s'explique par) des ditférences de productivité
entre hommes et femmes, compte tenu du type d'activités les plus développées localement.
Cependant, cette explication aurait une conséquence testable : les effets seraient indépendants
du statut marital, et devraient donc affecter aussi les célibataires. Or des régressions ctfectuées

sur des célibataires ne montrent aucun effet de ce type.

Ajoutons également qu'une collaboration prometteuse a été entamée avec des équipes de
recherche de 1'Université chinoise de Hong Kong. Le soutien du CGP a permis le financement
d'un séjour de deux semaines dans ce cadre. J'ai pu notamment travailler avec le protesscur
Zhang sur un modeéle d'offre de travail collective ou le loisir est en partie public. Les travaux de
Zhang et Fong montrent que le modéle reste identifiable, a condition que I'on puisse ¢galement
observer les demandes (en fonction des salaires respectifs) d'un bien assignable. L'application
empirique portera sur des données de Chine continentale. dont dispose I'équipe de Hong Kong.
et qui n'ont jamais été utilisées jusqu'ici. L'application de ces techniques a un pays cn voic de

développement est particuliérement prometteuse.
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4. Cadre général : offre de travail et demande de biens

Une troisiéme voie d'attaque a consisté a replacer le probleme dans un cadre général :
comment caractériser, de fagon théorique et empirique, les propriétés d'une fonction genérale de
demande de biens et d'offre de travail issue d'un modéle collectif. Une premiére contribution en
cours, en collaboration avec M. Browning, a porté sur la généralisation des conditions de Slutsky.
On notera que la partie théorique est générale, et s'applique aussi bien aux fonctions de demande
qu'a l'offre de travail. Par ailleurs, elle ne requiert aucune hypothese sur la forme des prétérences
ou des consommations. En revanche, les test empiriques ne sont pour l'instant effectués que sur
des fonctions de demande. En effet, I'une des conclusions de l'approche théorique est que. pour
le contexte le plus général (et donc sans supposer, comme dans les travaux précédents. un
caractére privé des consommations), cinq demandes au moins sont nécessaires. Il est donc
nécessaire d'effectuer les tests a la fois sur des offres de travail et des demandes de biens: et 'on
se heurte a l'absence de données adéquates. La derniére version de l'article est en Annexe 4.

L'article a été accepté pour publication dans Econometrica.

Enfin, une recherche en cours, en collaboration avec le Professeur 1. Ekeland. de
'Université Paris IX, porte sur les fondements mathématiques du modele. Des résultats
prometteurs ont été obtenus. On a montré, en particulier, que le probleme relevait d'une approche
générale classique en topologie différentielle (et plus précisément en calcul sur les variétés).
faisant appel a la notion de calcul différentiel extérieur. Cette approche permet de généraliser les
tests existant; par ailleurs, elle conduit a repenser de fagon féconde le probleme de
Iidentification. L'important est que I'on recherche, par ces techniques complexes. un résultat
(fort) d'identification non paramétrique. L'intérét de cette exigence est clair : si I'identifiabilité
est prouvée, on peut alors choisir n'importe quelle forme paramétrique ou semi-paramétrique. en
étant certain qu'aucune autre forme fonctionnelle n'aurait pu donner la méme tforme réduite pour
les offres de travail. I1 s'agit donc d'une exigence de robustesse qui se trouvera automatiquement

satisfaite.

En fait, nous sommes parvenus récemment a une caractérisation compléte des conditions

d'identification. Celles-ci sont relativement restrictives; en général. des degrés de liberté
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demeurent, la régle de partage étant notamment estimée seulement modulo une fonction homo-
géne des prix. Une solution possible, suggérée par J. Heckman. est d'estimer indépendamment
les préférences individuelles, par exemple & partir de données sur les ménages mono-individuels.
Dans ce cas, on identifie exactement 'ensemble du modele. Enfin. les travaux entrepris dans ce
cadre ont eu des sous-produits inattendus mais intéressants. Ainsi. la proximité entre ce probleme
et les questions d'agrégation de demandes individuelles, étudiées notamment par Sonnenschein.
Debreu, Mas Colell et beaucoup d'autres, nous ont conduits a étudier un probléme reste ouvert.
celui de la décomposition de demandes de marché. Les techniques employées ont fait la preuve
de leur efficacité en nous permettant de résoudre ce probléme. resté sans solution depuis vingt

ans. On trouvera en Annexe 5 l'article correspondant, qui est a paraitre dans Economelrica.

Signalons pour conclure que le financement obtenu a permis le séjour en France. du
premier juillet au 31 décembre 1995, du Professeur M. Browning. de I'Universit¢ McMaster
(Canada), avec lequel une bonne part de la recherche passée a €t¢ mence. De nombreuses
réflexions ont été entamées a cette occasion. A terme, on se propose notamment de reformuler
le probléme classique d'estimation des échelles d'équivalence. notamment selon la méthode due

4 Rothbard, en introduisant les idées développées dans le cadre de I'analyse collective.
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ANNEXE 1

Travail marchand et travail domestique
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Introducing Household Production in
Collective Models of Labor Supply

Pierre-André Chiappori

Centre National de la Recherche Scientifique and Département et Laboratoire d Economie
Théorique et Appliquée

I. Introduction

In a recent paper (Chiappori 1992), I proposed a model of labor
supply based on a *‘collective” representation of household behav-
ior. In this framework, each household member is characterized by
his or her own utility function, and decisions are only assumed to
result in Pareto-efficient outcomes. I showed that these simple as-
sumptions were sufficient to (i) generate testable restrictions on la-
bor supply functions and (ii) recover individual preferences and the
outcome of the decision process from observed behavior. For the
sake of simplicity, the results were derived in the simplest possible
case, namely, a static labor supply model with private consumptions.
Such a framework was appropriate only for the purpose of the paper,
that is, a preliminary exploration of the properties of collective mod-
els of labor supply. The next step is to evaluate the robustness of
the results to various extensions of the basic model. This opens a
general research program and generates a wide range of particular
problems that it is hoped will be considered in the future.

Among the most serious shortcomings of the 1992 model is the
absence of household production: as in most labor supply models,
agents were assumed to divide their time between market activities
and leisure. As Apps and Rees (1997, in this issue) very rightly point
out in their comment, the absence of domestic production is far
from innocuous as soon as welfare issues are considered. For in-
stance, a low level of market labor supply will automatically be inter-
preted as a large consumption of leisure, whereas it may in fact re-
flect the specialization of one of the members in domestic

Financial support from the Commissariat Général au Plan (DAS 29/1994) is grate-
fully acknowledged. I am indebted to the editors and to Thierry Magnac and Valérie
Lechéne for useful comments. Errors are mine.

[ fournal of Political Econowy, 1997, vol. 105, no. 1)
© 1997 by The University of Chicago. All rights reserved. 0022-3808,/97/0501-0009301.50
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192 JOURNAL OF POLITICAL ECONOMY

production. This remark clearly suggests that the estimation of indi-
vidual utilities in a collective labor supply model is likely to be very
sensitive to the presence of household production. Also, Apps and
Rees raise a major issue, namely, To what extent is it possible to
recover the intrahousehold decision process in the presence of
household production? They argue that the answer is negative in
general, which suggests that the introduction of household produc-
tion within the collective framework may lead to serious identifica-
tion problems.

In the present note, I make four basic points. (1) A key issue is
whether the commodity that is domestically produced is marketable
(the “complete market’’ case) or not (the “incomplete market’’
framework). In their paper, Apps and Rees consider only the latter
situation. I briefly discuss under which circumstances each setting
can be seen as appropriate. (2) In the ccraplete market case, I show
that the results of the initial framework can be extended to house-
hold production. That is, testable restrictions on domestic and mar-
ket labor supply functions can bc derived, and the intrahousehold
distribution of resources (the *'sharing rule’’) can be recovered up
to an additive constant. (3) In the alternative situation (the one Apps
and Rees implicitly consider), the price of the household commodity
is endogenous to household decisions and has to be estimated as
well (as a function of wages and incomes). Then their result on the
impossibility of exact identification is correct. It can actually be made
more precise; specifically, I show that if the household production
exhibits constant returns to scale, the sharing rule can be recovered
only up to an additive function of wages. In particular, I show, in a
counterexample, why parametric identification can then be revealed
as seriously misleading. (4) However, complete identification (up to
an additive constant) may still be possible, but it requires additional
assumptions on the decision process, examples of which are pro-
vided.

The model is similar to Apps and Rees’s, though, for the sake of
consistency, I adopt the same notation as in my 1992 paper. The
household consists of two members, 1 and 2. Respective demands
for leisure are denoted by L,, market labor supplies by /;, and wages
by w,; let m; and m, be the members’ respective nonlabor incomes.!

! What is actually needed for identification is in fact the existence of at least one
“distnibution factor’’ (see Bourguignon, Browning, and Chiappori 1994), i.c., fac-
tors that influence the decision process but neither the preferences nor the budget
constraint. If m, and m, can be assumed exogenous, they will play this role: while
their sum has an income effect, the distribution should matter only for the decision
process. But other variables could be used, e.g., extra environmental parameters a
la McElroy (1990).
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COMMENTS 193

There are two consumption goods: a market good x, whose price is
set to one, and a domestic good y, which can be produced within
the household. Let A(#, t;) be the production function of the do-
mestic good, where ¢; is member i’s household work.? Following a
remark made some years ago by Pollak and Wachter (1975), I as-
sume, as in Apps and Rees, that % exhibits constant returns to scale.

All goods are privately consumed. Also, following my initial model,
I consider the case of cross-sectional data. Then wages and incomes
vary across households, but other prices are assumed to be constant
over the sample. Accordingly, let us assume that labor supplies /,and
t; are observed as functions of w;, w; and m,, m,. Finally, I forget
about the tax system and assume that budget sets are linear.

The household consists of two members. In what follows, I assume
that preferences are either ‘‘egoistic,”’ as in Apps and Rees, in which
case U' has the form

U‘(xil yi’ Ll)! (1)
or ‘‘caring,”’ in which case each agent maximizes an index of the form
W'[Ul(xh it L)), Uz(x% Y2 Ly)]. (2)

Finally, decisions are made according to some intrahousehold
process. Following the basic idea of the collective approach, I simply
assume that the decision process, whatever its true nature, always
generates Pareto-efficient outcomes; this framework was used in my
inital models (Chiappori 1988, 1992) as well as in Apps and Rees
(1988) and various other contributions (e.g., Bourguignon and Chi-
appori [1992] and Browning et al. [1994]; see, however, Udry
[1996]). In the present framework, any efficient decision process
can be interpreted as follows: members agree on some efficient pro-
duction plan and some intrahousehold distribution of resources;
then each member freely chooses his or her own leisure-domestic
production-consumption bundle subject to the specific budget con-
straint he or she faces. Formally, production is determined by

max p- h(ly, t2) — wity — wyty, (3)

.ty
and member ¢ maximizes

max U'(x,, y,, L,) 4)

%, 9. L;
subjectto x;+ p-y, + w;- L, = s,

* Note that production is not assumed to depend only on total time ¢ + &; i.e.,
I allow for differences in marginal productivity of labor. One advantage of this gener-
alization is that it can account for partial specialization (time input being nonzero
for each member).
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Here, s, stands for member i’s ‘‘potential income,’ with
s=sitse=(w +w) T+ m + my

(5)
+ P h(tl, tg) - wlt] - WQtz.

In other words, s;is a given function of (w, wy, m,, m,) that *‘summa-
rizes’’ the decision process; it can be seen as the natural generaliza-
tion of the sharing rule, as introduced in my 1992 paper, to the case
of household production.

As will be clear in what follows, a crucial issue is whether good y
can be bought and sold on the market or is household specific. In
the former case, let p denote the market price of the domestic good
(¢ is then exogenous for the household) and z denote the quantity
sold (if positive) or bought (if negative) on the market, so that the
household’s budget constraint is

x1+x25wll|+wglg+ml+m,+p'z.

In the second case, z = 0 for all households. As mentioned by Apps
and Rees, we can still define a price p for the domestic good. The
difference, however, is that p is now endogenous to the household
preferences and decision process; technically, it has to be estimated
as a function of the various parameters.

II. Is the Domestic Good Marketable?

Since the two cases above lead to totally opposite results, a quick
discussion of their empirical relevance may be useful.

A. The Case for a Marketable Domestic Good
Farm Household

Whether the domestic good can be assumed marketable depends
on the interpretation that is given to the notion of domestic pro-
duction. In most cases, this assumption is in fact quite natural. The
best example is agricultural households. In all developing countries
(and in most developed ones as well), rural households have an ag-
ricultural production activity. Models of household production
based on the maximization of a unioue household utility, subject to
a budget set and a production constraint, have become basic tools
for the analysis of farm households.?

In the standard framework, as studied by many authors (including

3 See Singh, Squire, and Strauss (1986) for a comprehensive survey of this litera-
ture.
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Lau, Lin, and Yotopoulos [1978], Barnum and Squire [1979], and
others), markets are complete, and households are price takers for
every commodity (including [abor) they buy, sell, or consume. This
means, in particular, that household production (consisting of com-
modities such as rice and coffee) can always be sold on sufficiently
well-organized markets. As Singh et al. (1986, p. 3) put it, “most
households in agricultural areas produce partly for sale and partly
for their own consumption.” A well-known consequence is the exis-
tence of a “‘separation” property between production and consump-
tion. Production can be analyzed as stemming from the maximiza-
tion of profit at market prices. In the same way, consumption is
represented by utility maximization under a traditional budget con-
straint, again at market prices. The key point is that the household
can make its production decision independently of its consumption
and labor supply decisions.

As will be clear later on, the results of the next section rely on
exactly the same separability property as in the standard ‘“‘unitary”
model of a farm household. The present paper can in fact be viewed
as an extension of this literature to a collective framework, in which
each household member is represented by specific preferences in-
stead of being aggregated within the somewhat ad hoc fiction of a
single household utility. The good news is that the nice properties
of the standard, complete market framework (in terms of estimation
in particular) do extend to the collective setting.

Domestic Production in Nonrural Households

While agricultural households do constitute a standard area of appli-
cation of household production, it is by no means the only one. The
general relevance of the concept of domestic production has been
emphasized by many authors, starting with Becker (1991). In many
cases, the same goods or services can also be bought on outside mar-
kets, at a given price. For example, meals can be taken at home or
at a restaurant, children can be kept at home or in kindergartens,
and so on. In that case, the corresponding price will play exactly the
role described in the formal model: it will determine the trade-off
between internal production and outside trade. Specifically, house-
hold members will devote their time to domestic production up to
the point at which marginal productivity equals the ratio of the wage
to the price of the good.!

¢ In some cases, the goods traded on outside markets are not perfect substitutes for
domestic goods. Albeit this distinction may seem excessively subtle in the elementary
framework of a standard labor supply model (where, for simplicity, all outside com-
modities are aggregated within a single good x, no fixed costs are considered, etc.),
we may note that the argument above can be seen as an approximation: marginal
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As another illustration, take the case of house cleaning. The trade-
off faced by household members here is either doing the job them-
selves or hiring someone to do the work. Then a natural unit of
measure for household productive output is the number of outside
hours, and p can be interpreted as the market price of one hour of
maid services. One could argue that a slight distinction should be
introduced here, because hiring a maid should be interpreted as
buying a productive input (rather than directly buying the output).
But this fact can easily be reconciled with the framework at stake.
Assume, for instance, that the output is actually produced from the
work of the maid (who receives a wage s) plus some inputs (bought
on the markets at a price q) according to some constant returns
to scale technology. Then the production side defines the output
price p as a fixed function of s and ¢; the crucial point is that p is
again exogenous for the household.®

B. The Case for a Nonmarketable Domestic Good

While the complete market can be considered as the benchmark
case, there may be various situations in which this assumption fails
to hold true. Becker (1991, p. 24), for instance, considers such do-
mestic goods as ‘‘prestige and esteem, health, altruism, envy, and
pleasures of the senses,”” most of which (except perhaps the last one)
can hardly be bought on outside markets. Some works on rural
households have introduced the concept of Z-goods,® for which no
market may exist (though this point has been disputed; see, e.g.,
Anderson and Leiserson [1980]). Note that, in both cases, not only
is the output nonmarketable, but it is not observable in general (at
least in a measurable way), which generates difficult identification
problems.

Somewhat similar is the case in which, because of market imper-
fections of some kind, corner solutions obtain. Assume, for instance,
that a given commodity is bought and sold at different prices, be-
cause of transaction costs, taxes, information asymmetries, or what-

productivity has to be ‘‘close 10"’ the wage/price ratio, the proximity level depending
on the degree of substitutability between the commodities. It seems clear, however,
that the dispersion between wages in a crosssectional analysis will exceed, by and
large, the gap between market and intrahousehold prices of domestic goods so that
the latter distinction can probably be forgotten for empirical purposes.

* This assumes that the same technology is available to all houscholds or, in a
more realistic way, that differences in technologies can be neglected with regard to
the huge dispersion between wages. If not—say, because differences in capital stocks
across households are important enough—then an empirical estimation will have
to control for the stock of durables in the usual way.

¢ Sce Hymer and Resnick (1969) and Singh et al. (1986) for a general discussion.
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ever. A fraction of households will then exhibit a zero net demand.
The shadow price of the domestic good, in that case, will lie some-
where between the buying and the selling price, but the exact value
will be endogenous to household behavior as a whole.

As is weil known, a consequence of missing markets is that the
separability property no longer holds; household decisions cannot
be modeled as recursive, as in the previous case. Estimation of non-
separable models is known to be a much more difficult task.

III. The Complete Market Case

The first question now is whether, from the observation of ¢; and [,

we can recover s; as a function of the relevant variables. In addition,

we would like to derive testable restrictions on observed behavior.

Specifically, we are luoking for conditions that have to be fulfilled

by arbitrary functions ¢; and [; (or L,) of (wy, wy, m), my) to be a

solution of (3) and (4) for well<chosen functions U’, h, s,, and s,.
Both purposes appear to be feasible. Define, first,

_ aL./am,

= 6
aL,/am, ( )

Note that Z; = 1 if income is pooled. In what follows, we assume
that this is not the case, so that Z;# 1. The main result can be stated
as follows.

THEOREM 1. Let z, ¢, and L, be given functions of (w,, ws, my, ms),
and assume that Z, # 1, Z; # 1, and Z, # Z,. Then the following
results hold true: (1) One can find a list of necessary and sufficient
conditions for the existence of U', U?, and 4 such that (L;, L,, t,,
ty, z) are solutions of (3) and (4) for well<chosen functions U’ A, s,,
and s; (they are given by conditions 1-7 in App. A). (2) For any
functions satisfying these conditions, the sharing rule is identfied
up to an additive constant. In addition, individual consumption can
be recovered up to an additive constant.

The complete proof is in Appendix A. I shall briefly sketch the
basic steps. First, the observation of input demands ¢;(w,, w,) allows
one to identify the production function k up to a multiplicative con-
stant. Now, from (4), L; can be written as some (Marshallian de-
mand) function of w, and s,. From the observation of Z; one can
identify the partials with respect to s.. Finally, differentiating (5) in
w, and w, leads to the identification of wage effects.

The properties of the complete market case are thus quite inter-
esting. If one has a data base in which the time spent in household
production by each member is recorded and distinct, exogenous
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income sources are observed, the conclusions of the initial model
can readily be extended. Under the same assumptions (private con-
sumptions and ‘“‘caring”’ preferences), one can identify the sharing
rule up to an additive constant, and individual, Marshallian demands
for leisure can then be recovered. Furthermore, testable restrictions
are generated on both market and household labor supply func-
tions.

IV. The Incomplete Market Case
A. Partial Identification of the Sharing Rule

Let us now turn to the incomplete market case. In the maximization
problems, p should no longer be interpreted as the actual price of
the domestic good on some outside market, but rather as its shadow
price. This is important because shadow prices are endogenous to
household behavior. As such, p depends on wages and nonlabor in-
come as well as on preferences and the decision process. How will
this fact modify the results of the previous section?

I first consider the productive side. As before, the assumption of
constant returns to scale allows the production function to be recov-
ered up to a multiplicative constant. In addition, the output price
is a given function of wages that can be estimated up to the same
constant.” Note that p is homogeneous of degree one and depends
only on wages.

I can now state the main result of this section.

THEOREM 2. Let ¢, and L; be given functions of (wy, wy, m,, my).
Assume that h exhibits constant returns to scale and that Z, # 1, Z,
# 1, and Z, # Z;. Then the following results hold true: (1) If (L,,
Lo, t;, t;, z) are solutions of (3) and (4) for wellchosen functions
U, h, 51, and s,, then necessarily the ratio T = /¢, is a function of
w,/w, alone. (2) For any functions satisfying these conditions, the
sharing rule is identified up to an additive function of (w, ws). That
is, if s;(w,, wy, m;, my) is a sharing rule compatible with observed
behavior, then any alternative solution must have the form

si(wn, wy, my, my) = s.(wy, wy, my, mg) + f(wy, wy) @)

for some arbitrary function f.

" To see why, note that if A(t, &) = t, H(1), where T = ty/¢;, then H is identified
up to a2 multiplicative constant, which is obviously not identifiable. Then p is given
by

w, wy

T 3n/at,  Hlt(w/wy)]

14

= pun, wy).
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The proof is given in Appendix B.

The previous result suggests two remarks. First, endogeneity of
the domestic price has a cost in terms of identification; indeed, the
sharing rule can be estimated only up to an additive function of
wages. This finding generalizes proposition 3 in Apps and Rees. Sec-
ond, while complete identification is out of reach, there is still much
to be learned from the observation of labor supplies. For one thing,
the effect of nonlabor incomes on the sharing rule is exactly identi-
fied. The reason is that a change in m, and m, that leaves wages
constant will not modify the price of the domestic good; the second-
round effects alluded to above are thus ruled out. Note that this
generalizes proposition 4 in Apps and Rees since we do not need
to assume that the production function is linear. This is important
information, especially in view of policies based on cash subsidies
whose effect is exactly to alter the members’ respective nonlabor
incomes. For instance, we may be able to assess the consequences
of a Jump-sum distribution between husband and wife on the intra-
household distribution of resources, even though the distribution is
only partially identified. This has important implications, in particu-
lar for the “targeted” programs discussed in Haddad and Kanbur
(1992); for an empirical investigation along these lines, see Lund-
berg, Pollak, and Wales (1995).

B.  Parametric versus Nonparametric Identification

An important consequence of this result is that one has to be ex-
tremely cautious when identifying a collective model with household
production. In particular, a parametric approach can be danger-
ously misleading. Assume that a given, parametric structural model
generates a reduced form such that all the parameters of the model
are identified. It may still be the case that other, functionally different
structural models lead to the same reduced form. Then there is no
reason to single out the initial model; as a consequence, all welfare
recommendations based on the parametric identification are in-
valid.

This can be readily seen in the following example. Assume that
utilities have the linear expenditure system form:

U'(x,, yo L) = o;log(x; — x;) + leog(ya -y + 7% log(L; — zi):

with a; + B, + v, = 1, the corresponding Marshallian demands are
A:‘(P, w;, Si)r Wlth

whA, = wizi + vils; — xi — py; — w:‘ii)-
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Assume that the production function is Cobb-Douglas:
h(t, t) = (6)°(22)'"%,
and take for the sharing rule the following form:
si{wy, we, iy, my) = my + w, T + S,.w‘,"wg’m?‘ mg’,
so(wn, we, my, my) = ma + we T — S‘,.w‘l“‘wf{’m',’I mg’.

Then one can compute individual demand and labor supply func-
tions. On the production side,

b_1-8wm
4 8 W
identifies §; then
P = K(w)®(wy)'?,

where Kis a known function of 8. Consider, now, demands for lei-
sure:

wL =-y2x+[(1-vL +nTw - '\'\51K(wl)&(wz)'_5
+ Y (m + S, whwimb mbry,

wels = —¥x + {(1 — Yo) Ly + Yo Tl wy — Yo y2 K(ws)® (wg)'™?
+ Y3(my — S, w‘,"w‘,"m’," mg’).

The main remark is that all parcmeters are identifiable from the demand
for leisure equation (as can be rcadily checked). A naive econometri-
cian might cor:clude that he has recovered the “‘true’ utility func-
tions and the *‘true’’ sharing rule. Even worse, he may try to deduce

normative recommendations about welfare policies. Now, all this is

a pure illusion. For assume that the true sharing rule is in fact

Si(wy, wy, my, my) = my + wy, T+ S, wPwmbmdt + viw — vyw,,
a

so(wy, wy, my, my) = mg + weyT — §, wl'wg’mf'mg’ — Viwy, + Vaw,,

where the v, are arbitrary, nonnegative scalars. Define the functions
A,i=1,2 by

A'l(llll’ p’ sl) = Al[wl! p) sl - Vllul + v]K_l/(‘l-S)‘bl/(l.S) w:S/(l—S)]'

From standard consumer theory, we know that there exists some
utility function for which A, is the Marshallian demand for leisure®

® The only condition is negativity of the diagonal Slutsky term, which is fulfilled
provided that dA,/ds > 0.
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(of course, it will not have the linear expenditure system form). And
it can be readily checked that the A, together with the §;, generate
exactly the same reduced forms as above. Of course, the interpreta-
tion of the coefficients is totally different, and no normative conclu-
sion will be robust to the new specification, though it is not empiri-
cally distinguishable from the inital one.

C. Particular Assumptions on the Decision Process

Finally, it should be noted that the model considered above is ex-
tremely general: it only assumes efficiency of household decisions
and imposes no restriction on the location of the final outcome on
the Pareto frontier. A natural conjecture is that stronger results (and
possibly full identification) would obtain, should some additional
structure be introduced. A possible solution is to impose some struc-
tural restriction on the decision process. As an illustration, consider
the following assumption.

AssumpTION H. The sharing rules depend only on total income
brought by each member; that is, s; must be a function of v, T + m,
and wy T + m, alone.

Then, again, the sharing rule can be fully identified. To see why,
note that, from (7), we know that, for any solution s,

o _ s o ©
Jw . dw; OJuw;
and
52w, ©
om; dm,
Also, assumption H requires that
dw; om,
It follows that
ds; 0 os;
u " m” T
Hence,
Y g3 .

aw.- am,- aw,-'

and fis identified up to an additive constant. In words, among all
solutions of the form (7), one at most is compatible with assumption
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H. In addition, assumption H generates new restrictions (second
cross derivatives, as computed from [10], must be equal). So the
identifying assumption is independently testable, as requested by
standard methodological considerations.

Of course, assumption H is only an example. Basically, any restric-
tion stating that s, depends on (w, wy, my, m;) only through given
functions A;(w,, ws, m;, m,) and A;(w,, wy, m,, ms) will lead to simi-
lar conclusions.’ Finally, a more general question is the following:
Can we think of particular, axiomatic restrictions on the decision
process itself that will lead to complete identification of the sharing
rule even in the nonmarketable case? Assume, for instance, that the
process can adequately be described with the help of some specific
cooperative bargaining concept (Nash bargaining, Kalai-Smorodin-
sky, Rubinstein’s *‘shrinking cake,”” or whatever). Would this help
identification in some way? This is an open question to which further
work will be devoted. In addition, empirical applications are obvi-
ously needed, follow.ng the initial attempts by Blundell et al. (1996)
and Fortin and Lacroix (1996).

Appendix A
Prcof of Theorem 1

A. The Production Side

I start by considering production decisions. As stated above, the household
maximizes profit:
max p- h(ly, t) — wit) — wsty, (Al)
0. by
where A(4, t;) = ¢, H(1), with T = t;/1,; note that 1, like ¢, and ¢;, can be
observed as a function of (w,, w,, m;, m;). Now efficiency requires that
a’l/atl H(T) wh

dr/an, H@W © w

* To see why, simply note that if this is the case, then the gradient of the sharing
rule must belong to the subspace spanned by the gradients of A, and A,. Now,
among the solutions of the form (7), again at most one is compatible with this
property. Indeed, assume that D5’ = a - DA, + B - DA,, where Dgdenotes the gradient
of g. Derivatives with respect to m; and m, give

. dA dA
_a_S_ =qa- ikl + ﬂ . _.!
om, am, om,
If the A, are regular, in the sense that
dA,/dm; 0dA,/dm,

9A,/9m, * 0A,/9my

these equations identify @ and B. Then derivatives with respect to w, and w;, identify
the partials of fand, hence, the function itself up to an additive constant.
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This differential equation defines H up to a multiplicative constant, which
is obviously not identifiable unless total output is observed. Here, T is de-
fined as a function of w,/w, alone, a fact that provides a first testable restric-
tion.

CoNDITION 1. 13/t must be a function of w,/w, alone.

B. Demand for Leisure: Income Effects
We now come to labor supply, as determined by the program
max U‘(xu yi, Ll) (A2)

%3 Ly
subjectto x, + p-y, + w,- L, = s,
A first remark is that demand for leisure must have the form
Li(w,, wy, my, my) = Ai(w,, 5)), (A3)
where A; is the Marshallian demand derived from U". It follows that

— = (A4)

hence,
_ dL./dm, _ ds;,/dm,
9L,/dm, 9s,/0m,

where Z, is observable. Also, we know that

(A5)

s=s5i+ 5= (wy +wy) T+ m + my;
hence,
as, aS!
—+—=1, (A6)
am, dm,
for j = 1, 2. From (A4) and (A6), the partials of s with respect to m can be

exactly identified.
LEMMA 1. Assume that Z, # Z,. Then

asl Z Zl_l

m  z,-z/
ds, _Zy-1
a_mz - z, - zl’
05y Z, -1
om n-z
ds, _Zi-1
am, Z, - Z
Note that if income is pooled, Z; = Z, = 1 and the partials are indetermi-

nate.
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Of course, the derivation of derivatives immediately generates cross-
derivative restrictions.
ConprtioN 2. The partials given by lemma 1 must satisfy

az.‘,‘ a!s,-

om,0m, N om,dm,

In addition, (A4) gives the partials dA/dm:
ds; as,-/amj'

which does not depend on j by construction. This function must depend
only on (w,, s;); in particular, the following condition must hold.
ConbprTioN 3. The functions L and s must satisfy

9 [oL./om
M ds;/dm,
i(g,,i/am,):as.-/am{
dmy \ ds;/0m;

C. Demand for Leisure: Wage Effects
From (A3), it follows that
oL, dA, Os;
_ ¥

dw, 9ds, Juw,
for i # j. Hence,
asl _ 3L|/aw, _ aS| aL|/aw!

— X —, A7
an all/an am. 3L1/8m| ( )

where ds,/dm, is given by lemma 1. Similarly,
aSg 351 BL,/awl

R L RV il A8
dw, dm JdLy/dm, a8

Finally, the own-wage effect can be recovered from (A5):

ds, Os 95, dsse
dw dw  dw | ow (49
and
9% _ 9% (AL0)
dw, dw,

It follows that all partials of s are identified: s can be recovered up to an
additive constant. Of course, new testable restrictions arise.
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ConNDITION 4. Cross-derivative restrictions on s are

s, o,
aw1811.’2 aw:aw;
ds, _ s,

om,dw; - dw;d my

Also, d\,/ds, depends on w; only through s;, which implies the following
condition.
CONDITION 5.

d (aLi/aml
du, as,./am.) 3s./w,
o [JL,/9m, =m.
—(as,/am,>

om,

Finally, we can now recover dA,/dw,; indeed, note that

oL, o
Jdw, Jw; as dw.
which implies that
&=%_E aL/am‘ (All1)
dw, OJw, OJdw, Js /Bm,

This partial must be a function of w;and s, alone, which generates the usual
conditions; furthermore, it must be compatible with the partials 9A./ds pre-
viously computed. Hence, thc following condition must hold.

CoNDITION 6.
“' (”)
dw, _ 3s./dw,

as./am.’
am. aw

: ( )
Im \d _ 3s./3m

w;
asi/am!
aMQ aw

%A, _ 9%,
dw,ds, OJs,0w;

However, Slutsky conditions do not impose new restrictions on A because
we do not observe changes in p.
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D.  Recovering Private Consumptions

Once the sharing rule has been identified, it is easy to recover the individual
consumptions of both market and domestic goods. To see how, note that

y(wy, we, my, mg) = Yi(wy, 51) + Y(wy, 5q),

where y is observed but the Marshallian demands ¥, and Y; are not. Now,
compute the derivatives with respect to m, and m,:

ay_a)/]xasl+a}’2x652

om, ds, om, dsy, om, (A12)
Then we have the following lemma.

LEMMA 2. Assume Zl * 1, Zg # 1, and Z] * Zg. Then aY,/aS, and
dY,/0s, can be identified from (Al2).

Proof. Equation (Al2) provides a linear system with the two partials as
unknowns. The determinant of the system is equal to (Z, — 1) - (Z; — 1)
- (Z, — Z4) and hence is nonzero under the assumption.

Finally, once the partials with respect to s have been recovered, the two
remaining partials, dY, /9w, and dY;/dw,, follow immediately from

: Y, d
ay_a)’,+a}’, aSl+agx S9

— X —+— X —. Al3
dw; OJdw;, ds, dJdw, Jds; Juw, ( )
Hence the Marshallian demands are known up to an additive constant.

As before, this implies two kinds of restrictions; namely, those derivatives
must be functions of (w,, s;) alone and satisfy cross-derivative restrictions.
This leads to the final bunch of testable restrictions.

CONDITION 7.
2 6)
aml aw‘ _ as./aw,

amg aw,‘

d (ax>

duw; \dw, _ 0s,/du, for i ¢
5 [\ asyam, ITE
am. w;

d (ax)

am' S _aS,‘/aml

3 [9Y; —as,-/am,'

am, \ ds;
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2 (aY.-)
aw] as‘ _ aS,/aw)

a (aYl) = a_—s./am. for_;# 1,

am, \ds,
3y _ ay
dw,ds, - 950w,

Finally, the x; can be recovered either through the same technique or,
more directly, from the budget constraints, since the s; are known. Note,
in particular, that no additional restrictions appear at this stage: the x; will
automatically fulfill the conditions of the previous type from the budget
constraint. This terminates the proof.

Appendix B
Proof of Theorem 2
Let us consider consumption behavior. The program becomes

max U'(x,, y;, L)) (B1)

%y Ly

subject to x, + p(wy, wy) -y, + w,- L; = s,
As before, demand for leisure must have the form
L(wy, wy, my, mg) = Ai(w;, p(w), wy), 5,), (B2)
where A, is the Marshallian demand derived from U* and
s=Es+s=(w,+w)-T+ m + m,. (B3)
Assuming that dL,/dm, # 0 for some j, we can locally invert (B2) as
5i(wy, we, my, my) = Flw, p(w, wy), Li(w, wy, my, my)]

for some function F, that has to be estimated.
Equation (B3) becomes

Flw, p(wy, wy), Li(w,, wy, my, my)]

(B4)
+ Ffw,, plw,, we), Ly(w,, wy, my, mp)] = (wy + wy) - T+ my + m,.

Now, let (F}, F;) and (F}, F3) be two solutions of this equation, and define
G, = F, = Fi. 1 show that G, can be written as a function of wages alone.
Since (B4) is linear, we know that the G; must satisfy the homogeneous
equation

G [wi, p(w\, wy), Li(wy, ws, my, my)]
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+ Galw,, p(w, ws), Ly(w,, wy, m,;, my)] = 0.
Differentiating in m; gives
oL, 0m;, 0OL,dm,
Since this system has full rank, its only solution is
G, 06,

oL, oL,
hence G, = G;{w, p(w;, wy)] = fi(w,, wy).
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ANNEXE 2

Modgéle collectif et participation :

Note : la recherche est en cours. Les notes ci-jointes indiquent d'une part le résultat
du modeéle théorique (y compris le théoréme central), d'autre part I'avancement de
la partie économétrique. Sur ce dernier point, la note interne jointe indique le
résultat d'identification de la forme linéarisée.
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1. Introduction

2. The theory

2.1. Preferences and decision process

The framework is identical to that in Chiappori (1989,1992). We consider a sim-
ple labor supply model within a two-member household; let h* and c! respectively
denote member i’s labor supply (with 0 < A* < 1) and consumption of a private
Hicksian commodity ¢ (with ¢! + ¢ = C ), the price of which is set to one; and
let w;, w2 and y denote respective wages and the household’s non labor income.
Preferences are taken of the ’egoistic’ type; i.e., member i’s utility can be writ-
ten U*(1 — h* c), where U® is continuously differentiable, strictly monotone and
strongly quasi-concave; as in Chiappori (1992), this can be extended at no cost
to 'caring’ preferences of the form W*[U!, U?]. Finally, throughout the paper, we
do not consider domestic production!. Also, taxation is disregarded, and budget
frontiers are assumed linear.

Following the collective approach, we postulate that the household only takes
Pareto-efficient decisions. That is, for any (w;, wa, y), there exist some #?(w, wo, y)
such that the (h?, c¢!) are solution of the program :

max U'[l1 - R} ¢! (2.1)
L1,L2.c1 ¢2
U? (1= h%c? > 4" (wy, wa.y)
4+ =w .kt wae.h? + Y
0<h'<1, i=1,2
In words : for any given point (w;,wsq,¥), (2.1) describes the set of Pareto-
efficient outcomes; this set, as usual, is parametrized by some #°. Any particular
decision rule is reflected by a particular value of @?; in general, the latter will

depend on (w,, we, y).

In what follows, 4 is assumed to satisfy the following, regularity assumption:

1See Chiappori (1997) for a detailed investigation of domestic production in the standard,
'collective’ model of household labor supply
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Assumption R : 4? is a function of (w;,ws,y). Moreover, it is twice continu-
ously differentiable.

This assumption means that (i) the decision process always leads to some
unique, well-defined outcome, and (ii) the latter is smooth, in the sense that
infinitesimal changes in wages or non labor incomes cannot result in drops in
utility for one of the members.

A consequence is that the solutions of (2.1) are well-behaved demand and labor
supply functions (rather than correspondances).

2.2. The sharing rule

We now come to the decentralization of Pareto optima. The general result is the
following :

Proposition 2.1. Take any twice diffqrentiable function a2(w,,w2,y), and let
& (wy, we, y), E%(wy, we, y), R} (wy, wa, y), h%(w), wo, y) be the solutions of (2.1). Then
there exists a sharing rule, i.e. two mappings p'(w, we,y) and p*(w,, ws,y), such
that :

b pl(wlle)y)+ pg(wl)w%y) =Y

o &(wy, wy,y) and h*(wy, wq,y) are solutions of :

max U1 - k%, ¢ (2.2)

¢ = wih' + p*(wy, wo, y)
0<h <1

Any decision process leading to Pareto-efficient outcomes can thus be equiv-
alently interpreted as a two-stage process. At stage one, agents share non-labor
income between them (of course, this choice may, and in general will, depend
on the current values of wages and non labor income). At stage two, each mem-
ber independently maximizes his (her) welfare, subject to the budget constraint
stemming from stage one. In particular, member i's labor supply is of the form :

B (wi, wa,y) = H* [ws, p'(wi, w2, y)]
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where H? is the Marshallian labor supply function associated to U®.

The proof of Proposition 1 is straightforward : it is a particular case of stan-
dard results on the decentralizability of competitive equilibria?. Note, however,
that in the previous statement, no assumption is made on the nature of the choice
set for labor supplies; in particular, the result also applies to the case of discrete
(participation) choices. However, the p* may not be differentiable, or even contin-
uous. We shall see below, in particular, that whenever the labor supply decision
is dichotomous (i.e., h* = 0 or 1), then the continuity of #? implies that p’ is
discontinuous on the participation frontier.

In what follows, the ’structural’ model is defined by the functions U}, U? and
42 (or, equivalently, U!,U?, p' and p?). As in Chiappori (1992), two questions
arise : what does this structure imply on the form of labor supply functions ? and
to what extend is it possible to recover the structural model from the observation
of labor supply ?

3. The case of corner solutions

3.1. Participation

We first consider the case where labor supplies can be observed as continuous
functions of wages and non labor income. That is, we start from some given
functions h!(w;, we,y) and h?(w;, wy, y). These functions are in fact differentiable,
except may be when they vanish. That is, there exist, for each member i, some
frontier beyond which the solution of (3.2) is h* = 0. In what follows, we assume,
for simplicity, that this frontier can be interpreted in terms of reservation wages;
technically :

Assumption W : for i = 1,2, there exist a function 7* (w;, y) (with j # i) such
that : _
h*> 0 w > 7' (wj,y)

Note that the functions 7' can be empirically observed, and will be considered
as given in the remaining of this section. It follows that the space of the (w;, wa, y)
can be partitioned into four areas :

2As remarked for instance by Apps and Rees (1997). For a precise proof, see Chiappori
(1992).
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e H,;, where h! > 0 and h? > 0; this is equivalent to

wi > ! (wa,y) and wz > ¥* (w1, v)

Hyo, where h! > 0 and h? = 0; this is equivalent to
wy > 71 (w21 y) and Wy S 72 (wl, y)

Ho1, where h! = 0 and h? > 0; this is equivalent to

w; < 7! (we,y) and wy > v% (wy, y)

Hoo, where h! = 0 and h® = 0; this is equivalent to

wy < 7! (wg,y) and wy < ¥ (wy,y)

(see Figure 1).

3.1.1. The extrapolation problem

The identification of the structural model from observed behavior will raise specific
problems in some areas. Typically, in Hyy no behavior can b« observed at all, so
nothing can be identified. However, as we shall see, both the individual utilitity
functions and the sharing rule (or, equivalently, the function %) can be recovered,
up to an additive constant, in each other area. The standard solution, then, is to
extrapolate to Hgp the functions computed on H,;, Hio and Ho,. For instance,
assume that we adopt a parametric approach, where the functional form of, say,
U',U? and 4® are chosen a priori. The corresponding parameters (but one) can
be identified from observations in H,;; then, in principle, the structural model is
known everywhere, although of course one has to assume that the functional form
does not change over the space.

A nice feature of the ’extrapolation’ technique, however, is that it is empiri-
cally testable. Indeed, consider, say, H,o. As we shall see, the knowledge of both
member 1's labor supply h', on Hyp, and the frontier v? allows to identify the
structural model (up to an additive constant), independently of any estimation
made wn any other area. Now, one can readily compare these estimates to those
obtained in Hy,. If the 'extrapolation principle’ is correct, then the latter should
coincide. In a parametric setting, this provides an obvious specification test. Even
within a non-parametric context, the assumption that 42 is continuously differ-
netiable can be tested over the participation frontier, since we can independently
compute its partials on both sides.
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3.2. Identification of the structural model

We now describe the identification procedure on each of the four areas defined
above. In Hy,, this is straightforward, since the results of Chiappori (1992) apply.
It follows that preferences and the sharing rule can locally be recovered, up to an
additive constant.

We now consider the case of Hyg (that of Hy, is exactly similar). First, since
member 2 does participate, his utility is U2 (c?,0), and we have that :

U2 (CQ’ 1) = az(wl) w2, y)
which can be inverted in :
¢ = V2 [5%(wy, wp, )| = p*(w1, w2, )

where V? is the inverse of the mapping U2 (.,0). Now, from the results above,
member 1’s labor supply is of the form :

R (wi, wa,y) = H' [w1,y — p*(w1, we, y)]

where H! is the Marshallian labor supply function associated to U?.
A first consequence is that, for any (w;, wo,y) € P :

2 1
_pu;2 hu}z —
—_— —:A ' ' 31
1-p2 A (w1, w2, 9) (3.1)

where f, stands for %ZL. Note that the function h!, hence the ratio A, are empiri-
cally observable. Hence (3.1) provides a first characterization of p2.
Similarly, 2’s labor supply takes the form :

h2(wl) wa, y) = HQ [w2| p2(w1) Wy, y)]
Since it vanishes on the frontier, we have that :
H?[v* (w1,9), p* (01,7 (w1,9) ,¥)] = 0
We then use the following Lemma :

Lemma 3.1. Take any point (w), ws,y) on the participation frontier (i.e., such
that wy = v2(w,,y)), and assume that 73 # 0. Then p;", # 0, and

2 2
Yw, _ Pwy

v A

where all partials are taken at (wy,y? (wy,9),¥)

6
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The nature of the assumptions we make is probably most relevant to house-
holds with no children, since the latter can be viewed as a public good. We
should also note that our analysis should be viewed as conditional on a number
of durable public goods such as housing. We view these expenditures as ”sunk”.
All decisions made by individuals should be viewed conditional on these choices,
which probably have a lot to do with the household formation decisions.

We use our methods to revisit family labour supply and test the basic impli-
cations of the theory.

2. The theory

2.1. Preferences and decision process

The framework is identical to that in Chiappori (1989,1992). We consider a sim-
ple labor supply model within a two-member household; let h* and c* respectively
denote member i's labor supply (with 0 < A* < 1) and consumption of a private
Hicksian commodity ¢ (with ¢! + ¢ = C ), the price of which is set to one; and
let wy, w2 and y denote respective wages and the household’s non labor income.
Preferences are taken of the 'egoistic’ type; i.e., member i's utility can be writ-
ten U*(1 — h*, c*), where U* is continuously differentiable, strictly monotone and
strongly quasi-concave; as in Chiappori (1992), this can be extended at no cost
to 'caring’ preferences of the form W*[U!, U?]. Finally, throughout the paper, we
do not consider domestic production'. Also, taxation is disregarded, and budget
frontiers are assumed linear.

Following the collective approach, we postulate that the household only takes
Pareto-efficient decisions. That is, for any (w, wg, y), there exist some @?(w,, ws, y)
such that the (A%, c') are solution of the program :

max U'[1 - h' c!] (2.1)

L1,L2 12
Uip - h?, % > @?(w,, wo, y)
'+ ¢ = wih! +woh® 4y
0<h'<1, i=1,2

'See Chiappori (1997) for a detailed investigation of domestic production in the standard,
‘collective’ model of household labor supply
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In words : for any given point (w), ws,y), (2.1) describes the set of Pareto-
efficient outcomes; this set, as usual, is parametrized by some %2. Any particular
decision rule is reflected by a particular value of 4% in general, the latter will

depend on (w;, wo, y).
In what follows, 2 is assumed to satisfy the following, regularity assumption:

Assumption R : 4% is a function of (w;,ws,y). Moreover, it is twice continu-
ously differentiable.

This assumption means that (i) the decision process always leads to some
unique, well-defined outcome, and (ii) the latter is smooth, in the sense that
infinitesimal changes in wages or non labor incomes cannot result in drops in
utility for one of the members. A consequence is that the solutions of (2.1) are
well-behaved demand and labor supply functions (rather than correspondances).

Finally, throughout this paper, we assume that member 1 can freely choose
her working hours, while 2 can only decide to participate (then h? = 1) or not
(h? = 0).

In what follows, the 'structural’ model is defined by the functions U!, U2 and
@’ (or, equivalently, U?, U2 p! and p?). As in Chiappori (1992), two questions
arise : what does this structure imply on the form of labor supply functions ? and
to what extend is it possible to recover the structural model from the observation
of labor supply ?

2.2. The sharing rule

2.2.1. Definition

We first consider the decentralization of Pareto optima. The general result is the
following :

Proposition 2.1. Take any twice differentiable function i%(w,, ws,y), and let
& (wy, wo,y), & (w1, wa, y), h!(wy, we,y), h%(wy, wa, y) be the solutions of (2.1). Then
there exists a sharing rule, i.e. two mappings p'(w;, wo, y) and p*(w, wa,y), such
that :

o pl(wy, wo,y)+ pH(wy, wo,y) =y
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o &(wy,ws,y) and h*(w;, we,y) are solutions of :

max U*[1 — R, ¢'] (2.2)

Lic

¢t = wi.h' + pt(wy, wy, y)
0<h <1

Any decision process leading to Pareto-efficient outcomes can thus be equiv-
alently interpreted as a two-stage process. At stage one, agents share non-labor
income between them (of course, this choice may, and in general will, depend
on the current values of wages and non labor income). At stage two, each mem-
ber independently maximizes his (her) welfare, subject to the budget constraint
stemming from stage one. In particular, member i’s labor supply is of the form :

B (wy, wa, ) = H* [wi, p* (w1, w3, )]

where H' is the Marshallian labor supply function associated to U*.

The proof of Proposition 1 is straightforward : it is a particular case of stan-
dard results on the decentralizability of competitive equilibria?. Note, however,
that in the previous statement, no assumption is made on the nature of the choice
set for labor supplies; in particular, the result also applies to the case of discrete
(participation) choices. However, the p* may not be differentiable. We shall see
below, in particular, that when, as it is the case here, the labor supply decision is
dichotomous (i.e., h2 = 0 or 1), then the continuity of @2 implies that, on the par-
ticipation frontier, member 2’s consumption ¢? is discontinuous, while his share
of non labor income p? exhibits a kink.

In practice, to avoid any confusion, we shall explicitly distinguish between
the sharing rule under (member 2’s) participation, denoted p?, and under non
participation, denoted j°.

2.2.2. The links with 2's reservation utility

Let us first consider the case when member 2 does participate (h%2 = 1). His utility
is thus U2 (c2,0), and we have that :

U? (c2,0) =U? (wg + pz(wl,wg,y),O) = ﬂ2(w1,w2, y)

2As remarked for instance by Apps and Rees (1997). For a precise proof, see Chiappori
(1992).
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which can be inverted in :

p2(w11 wa, y) = V2 [ﬁz(whw2vy)] —wg = W(wl: U.)2,y) — w2

where V2 is the inverse of the mapping U?(.,0), and ¥ is defined by :

‘p(wla wa, y)iv2 [ﬁ'2(wlv wa, y)]
Now, member 1's labour supply is of the form :
hl(wlv w2, y) = Hl [wh Y- pz(wla Wa, y)]

A first consequence is that, for any (w;, ws,y) € P :

__p2 hl
1-p; Al

(2.3)

Note that the function h!, hence the ratio A, are empirically observable. Hence

(2.9) provides a first characterization of p?.

We now consider the non participation case (h*> = 0).. Then 2’s utility is

U?(c? 1), and we have that :
U? (CQ, 1) =U? [ﬁz(wh wo, ), 1] = 4*(w;, g, y)
which can be inverted in :

ﬁz(wla wy, y) = W2 [ﬁ2(w1’ u'z, y)]

where W2 is the inverse of the mapping U2 (., 1). Since both V? and W2 are

increasing, we have that
p*(wy, wa,y) = F [Pg(wl,wz.y) + wz]

for the increasing mapping F = W2o (VQ)—I.
Just as above, member 1's labour supply is of the form :

hl(wy, wo,y) = H! [why - F (PQ(wl.wz,y) + wz)}

and, for any (w,,ws,y) € N :

~F' (P?o, + 1) hl
1— F’p§ h; (w1, wo, y)

(2.4)

(2.5)

Note that the function A (respectively B) is defined only in the participation

(respectively non participation) case.
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2.3. Participation decision

We now consider member 2's participation decisions. Remember, first, that mem-
ber's 2 decision is discrete, whereas member 1 freely chooses her number of hours.

In what follows, we assume, for simplicity, that the corresponding participation
frontier can be interpreted in terms of reservation wages; technically :

Assumption W : there exist a function <y (w;, y) such that :

h? =1 w >y (w,y)

Note that the function 7 can be empirically observed, and will be considered
as given in the remaining of this section. [t follows that, if we disregard for
the moments corner solutions for member 1, the space of the (w;, ws,y) can be
partitioned into two areas :

e the participation set P, where h? = 1; this is equivalent to
2
wy > 7* (wr,y)
e the non participation set N, where h? = 0; this is equivalent to
2
wo < 77 (w1, y)

The frontier between P and N is called the participation frontier L, and is
defined by the equation :
Wwo = 72 (wlv y)

Now, how will the frontier be characterized ? A basic result is the following :

Proposition 2.2. At any (wy,wy,y) € L, both members are indifferent between
participating or not, taking into account the resulting change in their consumption
share.

Proof. That member 2 should be indifferent comes from the smoothness of
@2 (see assumption R). Let us show that member 1 must be indifferent as well.
Indeed, assume that he is not, so that his utility is discontinuous at some point
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K of L - say, it increases discontinuously if 2 participates. Take a point in the
non participation set, arbitrarily close to K. Then a Pareto ameliorating change
would be to increase 2’s consumption by ¢ if he participates (this will be sufficient
to induce him to participate, since he is indifferent, and 1's utility would then
increase). But this would contradict the efficiency assumption. B

When member 2 chooses to enter labor market, this will affect both mem-
bers'welfare through three different channels. First, member 2’s leisure will de-
crease; second, the household budget set extends; finally, the decision process will
in general be modified, resulting in a change of the sharing rule. In particular,
member 2’s consumption must be discontinuous. Specifically, participation results
in a discontinuous increase of member 2’s consumtion, that exactly compensates
the drop in leisure (so that that 2's utility is changed smoothly). How is this
change determined ? The key point is that since member 1's number of hours is
continuous, her consumption must also vary continuously. It follows that, on the
participation frontier, all additional income due to participation (i.e., wa) goes to
member 2. Then the frontier is defined as the set of wage-income bundles such
that a discontinuous increase of consumption equal to w9 exactly compensates
the drop in leisure resulting from participation. This is formally expressed by the
following corollary :

Corollary 2.3. At any point (w;, wo,y) on the participation frontier L, partici-
pation (locally) increase member 2’s consumption by exactly wz, and the frontier
is characterized by the equation :

P (w1, Y(w1,v),y) — A (w1, Y(w1,¥),y) =0 (2.6)

Using this result, we can rephrase the reservation wage assumption W in a
more precise way. Specifically, W is a consequence of the following property :

Assumption W’ :

V(wy, w2, y), l[l + pun (w1, we, y)]. [1 — F'(p*(w1, z,y) + z)” <1 (2.7)

To understand the meaning of assumption W', consider the increase in 2's con-
sumption resulting from an infinitesimal increase dws in 2's wage. Its magnitude
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depends on whether 2 is participating or not; for when 2 is participating, dws in-
creases both the household income and 2’s bargaining power, while the first effect
does not operate when 2 does not participate. Let dc? denote the consumption
change in the former case, and dé® in the latter. What (2.13) states is that the
difference dc? — dé cannot be more than the initial increase dws.

Under (2.13), the mapping z — p%(wy, z,y) — F (p*(wy, 2,¥) + 2z) is a contrac-
tion; then it can have only one fixed point for any given (w,, y), which guarantees
that v is uniquely defined.

Using (2.4) and (2.6), we know that -y is characterized by the following equation

V(wny),  pP(wny(wny),y) - F (PP (wr, v(w1,9),9) + (w1, 9)) =0 (28)

This implies:
2 2 F'
(pwl + 7W1pw2) = (1 — F.,) Yuwy

FI
2 2 —
(py + TyPu,) = a—F)"

which can equivalently be written as :

Fl
2 2y _
(Py + TPw,) = ZI_TFT)_ Ty
2 Jw, 2
P, —711 Py

all partials being taken on the frontier, i.e., at some point (w,, y(w;,y),y).

2.3.1. The extrapolation problem

The identification of the structural model from observed behavior will raise specific
problems in some areas. Typically, while member 2’s choice is discrete, member
1 is assumed to freely choose her working time. But, of course, the latter can be
zero. Thus there will also be a participation frontier for member 1, which, again,
1s assumed to take the form of a reservation wage :

At >0 e w; > §(wy,y)

9
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It follows that the plane is in fact divided into four areas, defined as follows
(see Figure 1):

e P,, where h! > 0 and h? = 1; this is equivalent to

wy > 6 (we,y) and w2 > v (wy,y)

e Py, where h! =0 and h? = 1; this is equivalent to

wy < §(wa,y) and wy > v (wy,y)

e N;, where h! > 0 and h? = 0; this is equivalent to

wy > 8 (wa,y) and wy < v (wy,y)

e Ny, where h! = 0 and h? = 0; this is equivalent to

Wi S 6(7-U2,y) and Wy S Y (wliy)

Of course,

PLUPy=Pand NyUNy=N

Now, although (as we shall see below) the individual utilitity functions and the
sharing rule (or, equivalently, the function 22) can be recovered, up to an additive
constant, from the observation of household behaviour in P; and N;, in both P
and Ny, no behaviour can be observed at all, so nothing can be (independantly)
identified. The standard solution, then, is to extrapolate to Py and Ny the func-
tions computed on P; and N,. For instance, assume that we adopt a parametric
approach, where the functional form of, say, U!,U? and ? are chosen a priori.
The corresponding parameters (but one) can be identified from observations in P,
and N;; then, in principle, the structural model is known everywhere, although
of course one has to assume that the functional form does not change over the
space.

A nice feature of the 'extrapolation’ technique, however, is that it is empirically
testable. Indeed, we shall see that the sole observation of (member 1's) labor
supply on P; and N; and of member 2’s participation frontier v allows to identify
the structural model. Then member 1's participation frontier, §, can be computed
from the model, and compared to the actual frontier, as identified from the data;
alternatively, one can simultaneously estimate labor supply and both participation

Include Figure 1 about here

10
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2.4. Identification of the structural model

We now describe the identification procedure on each of the four areas defined
above. In Hyj, this is straightforward, since the results of Chiappori (1992) apply.
It follows that preferences and the sharing rule can locally be recovered, up to an

additive constant.
We now consider the case of Hjg (that of Hy, is exactly similar). First, since
member 2 does participate, his utility is U2 (c?,0), and we have that :

U2 (621 1) = ﬁg(wlyw% 3/)
which can be inverted in :
62 = v2 [ﬁz(wl’ Wy, y)] = p2(wl) way, y)

where V2 is the inverse of the mapping U?(.,0). Now, from the results above,
member 1's labor supply is of the form :

h'l(wlaw21 y) = Hl [wl»y - pQ(u’l, wm!l)]

where H! is the Marshallian labor supply function associated to U!.
A first consequence is that, for any (w;,we,y) € P :

2 1
“Pw — hW? =
7o p’s = hi =A(w;, wy, y) (2.9)

where f, stands for gf. Note that the function k!, hence the ratio A, are empiri-
cally observable. Hence (2.9) provides a first characterization of p°.
Similarly, 2's labor supply takes the form :

h'z(wll way, y) = H2 [w21 pQ(wla way, y)]
Since it vanishes on the frontier, we have that :
H? [v* (01,9), p* (w1,7% (w1, ) ,v)] = 0
We then use the following Lemma :

Lemma 2.4. Take any point (w;, ws,y) on the participation frontier (i.e., such
that wy = 72 (w),y)), and assume that 73 # 0. Then pg # 0, and

2 2
7101 . pwl

T P

where all partials are taken at (wy, 7% (w,,y),y)

11
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Proof. $5 8
Let
$8%

12
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We now consider the non participation case. Then 2's utility is U? (¢, 1), and

we have that :
U2 (02, 1) = ﬁ.2(‘w1, wa, y)

which can be inverted in :
t=w? [ﬁz(wl,wz,y)} = ¥ (w,, wa,y)

where W?2 is the inverse of the mapping UZ2(., 1). Since both V2 and W? are
increasing, we have that

¥(wy, wa,y) = F [¥(w, wg,y)]
for the increasing mapping F = W20 (V2)™': it follows that :
C2 =F [\I’(wl,WQ,y)]
Now, member 1’s program becomes :

max U'[1 - !, CY] (2.10)
L,C!

C'=wi.h' +y — F[¥(w), wy,vy)]
0<hl<i1
This generates a labor supply of the form :
h'(wy, wo,y) = H' (w1, y — F (¥(wy, we, y))]
and, for any (w;, wq,y) € N :

—F'V,,  hy,

Note that the function A (resp. B) is defined only on P (resp. N).

13
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2.5. Participation

Finally, the participation frontier L is defined by the fact that, at any (w;, ws, y) €
L, member 2 is indifferent between participating or not, taking into account the
resulting change in his consumption share. A key remark is that member I must
be indifferent as well. Indeed, assume that he is not, so that his utility is discon-
tinuous at some point K of L - say, it increases discontinuously if 2 participates.
Take a point in the non participation set, arbitrarily close to K. Then a Pareto
ameliorating change would be to increase 2's consumption by ¢ if he participates
(this will be sufficient to induce him to participate, since he is indifferent, and 1's
utility would then increase). But this would contradict the efficiency assumption.

The interpretation is that when member 2 chooses to enter labor market, this
will affect both members’'welfare through three different channels. First, member
2's leisure will decrease; second, the household budget set extends; finally, the
decision process will in general be modified, resulting in a change of the sharing
rule. Note, also, that the latter must be discontinuous; it exactly compensates
the drop in labor supply by member 2, in such a way that 2’s utility is changed
smoothly. Also, since member 1's number of hours is continuous, her consumption
must also vary continuously. It follows that, on the participation frontier, all

additional income due to participation goes to member 1. Formally, the frontier is
thus defined by :

V(wi,we,y) € L, W(w,we,y)— F(V(w,we,y)) = we (2.12)

To parametrize L, we choose to use a shadow wage condition; i.e., member 2
participates if and only if .

wg > Y(wy,y)

for some 7, that describes the frontier. Note that this reservation wage property
does not stem from the theoretical set-up as in standard labour supply models,
but has to be assumed. Specifically, we assume the following :

Assumption :

V(wlvw2’ y)) I\Ilwz(wlv wa, y) [1 - F’(\Il(wl’ we, y)” <1 (213)

In words : consider the increase in 2's consumption resulting from an infinetesimal
increase dw; in 2's wage. Its magnitude depends on whether 2 is participating or
not; for when 2 is participating, dw, increases both the household income and
2’s bargaining power, while the first effect does not operate when 2 does not

14
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where the a!, a?, a¥, 3 are solutions to the following system (equivalent to (3.1)):

—a? +aa¥ = a—1
b
2
—a*+ba¥ — = = 0
g (3.3)
wolta¥ -5 = 0
al - %’-a" = 0
where
a’(wlay) = A[wl,'Y(w],y),y] (34)
b(wl)y) = B[lUl,’Y(wl,y),y]
which implies :
Gy, = Au + AT (3.5)
ay = Ayt Auwy
by, = By, + BuTw,
by = By+ Buny
In particular, by differentiating (3.3), we get :
_alzvl taay, = ay(l-aY) (3.6)
——af, +aay = ay,(l —a?)
B 1
_a?‘“ +bal, + bng—‘ = bw’(E - aY)
|
——as + bay + bg% = by(E —aY)
2 Buw, .Y 1
'7wa1 + a?vl — (—l—w_l—ﬁ!')l? = 7“’11’(1 __ ,B - 02)
2 By v 1
7110!1 + az - (1 i ;)2 = 7!/!/(1 _ 6 - az)
0111.,, _ :_Yﬂl_az/vl _ 7w1w17y - Zyuu 7w1 ay
Ty (7y)
al - l‘ﬂay _ Jye Yy ~ TyyTw oV
v Yy y ('_ry)Q
16
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Note that, at any point, (3.3) allows to numerically compute the values of
al, a?, aY, 3, while (3.6) gives the partials of these functions.

Now, (3.2) generates restrictions upon these partials. Specifically, the first
three relations imply cross-derivatives conditions :

2 2
a]ll - azll = 7yaw1 - 7wlay (3'7)

while the last one gives : .
Bu, o'+ oy, (3.8)

By  a¥+oaiy,

In summary : assuming that A, B and 4 have been recovered non paramet-
rically, one should, at any point :

e compute a and b from (3.4), then the partials from (3.5)
e solve (3.3) for a!, a2, ¥, B, then (3.6) for the partials

e check (3.7) and (3.8)

3.2. Outside the frontier

Let us start by the participation set P. The idea is clear : ¥ must satisfy the
PDE (2.9), i.e.:
Wy, + AV, = A4 -1 (3.9)

and, in addition, the boundary conditions are given by the values of the partials
on the frontier. frcm standard theorems in PDE theory, this defines ¥ (up to an
additive constant) provided the following condition is fulfilled. First, remark that,
at any point on the frontier, (3.9) can be written as :

AVi=a-1

where AV denotes the gradient of ¥, and @ is the vector (0, ~1,a)’. Now, the
condition is that 4 is not tangent to the frontier L. Since the equation of L is :

wy — Y(wy,y) =0

17
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this condition states that, for all (w;,y) :
a(wy, y)-w(w,y) +1#0 (3.10)

If this relation is fulfilled on the frontier, then the PDE (2.9), together with
the boundary condition, defines ¥ up to an additive constant.

Practically, there are cases where the PDE can be solved analytically. Then the
solution is defined up to a function of 2 variables; and this function is identified
by its values upon the frontier. The next section provides an example on a specific
functional form.

But even when the PDE cannot be solved analytically, it is always possible
to numerically compute ¥ using the PDE and the boundary condition on the
frontier. One possible algorithm is the following :

1. Fix the value of ¥ on the frontier L (i.e., choose the constant, since the
partials define ¥ up to a constant)

2. pick any point (w;,ws,y) on the frontier; then W(w;, we,y) is known, and
all the partials of ¥ at (w,, w9, y) are known as well

3. consider the point (w), wy + dws, y); then
q’(wh wao + dll):_), y) = ‘l’(wl) wa, y) + ‘ng(wl) Wwa, y)de

By doing this for all point on the frontier, we know the value of ¥(w,, wo, y)

on the surface
S=1L+dw,

4. compute the partials of ¥ on S. In the two directions tangent to S, this is
implicitly done by the computation of ¥ on S: for the last one, just use the
PDE (3.9) (note that this is possible because (3.10) holds true).

5. start from 1 using any point of S
Finally, in the non-participation set, the approach is exactly the same, using
the PDE

—\Ilu,,+B\Ily:—:% (3.11)

(remember that F' has been exactly identified from the equations in the previous
section). The sufficient condition then becomes : for all (wy,y) :

b(wlvy)'vy(wla y) +1 # 0

18

La documentation Francaise : "Modéles collectifs d'offre de travail : rapport final du comité ""Emploi - travail - redistribution™ /

sous la responsabilité de Pierre-André Chiappori ; Commissariat général du Plan."



55

4. A semi-parametric example

In this example, we make two assumptions on the functional forms. First, h! can
be written as a function of w;, on the one hand, and some function of y and w,
that is quasi-linear with respect to y, on the other hand. Specifically, assume that
h! is of the form :

h'l(wl’ w2, y) = Hl [y + K(w2)1 wl]

where H! and K are arbitrary given functions (of course, these are estimated from
observed labour supply). It follows that :

hl
A= "2 = K'(‘wg)

&)
and the basic PDE (3.9) writes down :
Wy + K (w) ¥, = K'(w3) - 1
The general solution is of the form :
V(wy,we,y) =w2 +y + Ty + K(ws), w]

where I is a mapping to be identified.
The second functional assumption is that F is linear :

F(z) = fo+ fiz

The second PDE (3.11) gives :

Fyly + K(wg), wy] = m [1 +B-1——f_l—f—ll (4.1)

Since B can be identified (possibly non parametrically) from observation of
labour supply of member 1, T, is determined up to the coustant f,. Finally, on
the frontier L, (2.14) writes down :

(w1, ) +y + T (y + K (1(w1, y)), wy) = L0y +Jo (4.2)
(1= 1)

Note that (4.2) strongly constrains the functional form of .

19
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ANNEXE 3

Modéle collectif d'offre de travail :

le cas d'offres continues
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1. Introduction

Unitary versus non unitary approaches of household behavior Tra-
ditionally, household demand and labor supply decisions have been modeled as
though household members were maximizing a unique, well behaved, utility func-
tion. Recent dissatisfaction with this ‘unitary’ model arose in a large part from
the weakness of its theoretical foundations and its inability to be used to perform
intra-household welfare analysis [Apps and Rees (1988)] or to study decisions such
as marriage or divorce [Lundberg (1988)]'. Since the standard unitary model
considers the household as the basic unit decision, it is generally not possible to
recover individual preferences or the parameters of the internal decision process
that determines distribution of utilities and observed outcomes.

Alternative models have recently challenged the unitary model and attempted
to incorporate different individual preferences and a model of intra-household de-
cision making process. In particular, the Nash cooperative model assumes that a
household maximizes the product of each member’s utility in excess of a reserva-
tion level reflecting either marriage dissolution [e.g., Manser and Brown (1980),
McElroy and Horney (1981)] or an ‘uncooperative’ marriage [e.g., Lundberg and
Pollak (1993)]. A collective model of household labor supply has also been de-
veloped by Chiappori [(1988), (1992)]. His approach assumes that the intra-
heusehold decision process leads to Pareto efficient outcomes. In its most general
form, the collective model nests Nash bargaining models as particular cases, since
the latter are based on axioms that include Pareto efficiency. It also nests unco-
operative repeated game models as long as they lead to Pareto efficient outcomes
[see Lundberg and Pollak (1994) and Bergstrom (1997) for a discussion].

1.0.1. Empirical tests : price effects

A crucial issue concerns the design of empirical tests of these unitary and non-
unitary theories. One set of testable predictions involves price and income effects.
Existing results relate to the structure of the Slustky matrix corresponding to
household demand. In a recent paper, Browning and Chiappori (1997) show that,

1 An obvious exception is Becker’s approach, where the household is explicitely modelled as a
two-person decision unit, althought its behavior can be still analyzed with the tools of standard
consumer theory.
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in the collective framework, this matrix need not be symmetric (as it would be the
case in the unitary context), but that it can be written as the sum of a symmetric
matrix and a matrix of rank at most one. This prediction is tested on Canadian
consumption data; they find that, while symmetry is not rejected for subsamples
of singles, it is rejected for couples, whereas the collective counterpart is not.
This kind of test, however, requires the simultaneous estimation of a sufficiently
large number of demand functions; moreover, it faces the standard difficulties of
estimating price elasticities on cross sectional data. '

Other predictions of the collective model have been derived in the case of labor
supply behaviour, in particular by Chiappori (1992). An obvious advantage of this
choice is that the estimation, on cross sections, of wage elasticities of labor supply
is probably easier and more robust than that of price elasticities of consumption.
Fortin and Lacroix (1997) have provided an empirical analysis based on a model
that nests both the unitary and collective approaches. They found that while
the restrictions of the unitary model are rejected, the collective restrictions are
not. However the intra-household decision process is not very precisely estimated
(only one parameter is significant). Also, while their sample includes households
in which both spouses work, they do not correct for selectivity bias.

A first goal of the present paper is to extend the latter results. We build a
collective model of household labor supply that generalizes the previous model
by Chiappori (1992). We then estimate and test this model using 1989 PSID
data for couples in which both spouses are working. Restrictions imposed by
some alternative models are also tested. For estimation purposes, we use the
Generalized Method of Moments (GMM) applied to a censored normal regression
system with endogenous explanatory variables. Our approach takes into account
the fact that female labor supply is censored at zero. Moreover, our estimators
are robust to measurement error on the positive values of the censored dependent
variable.

1.0.2. Empirical tests : income pooling and distribution factors

A second, and in principle simpler, consequence of the unitary model is pooling:
only total exogenous income, not its distribution across household members, plays
a role in the decision process. Using various measures of income, many studies
attempted to test this income pooling hypothesis [e.g., Schultz (1990), Thomas
(1990, 1992), Phipps and Burton (1994)]. In all these studies, income pooling
is strongly rejected. However, these tests raise two issues. First, while the re-
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sults reject the unitary model, they cannot be seen as supporting any alternative
approach in particular since many models could explain observed results. In or-
der to empirically support a specific model, one must derive, from this setting,
restrictions that can potentially be, but are actually not falsified by empirical
observations. Some recent work have attempted to derive and provide empirical
tests of the collective approach [see Bourguignon et al. (1993), Browning et al.
(1994), Browning and Chiappori (1994), Udry (1996)]. Moreover, a few stud-
ies tested different non-unitary models within a structural framework [Kapteyn
and Kooreman (1991), Browning, Lechene and Rasheed (1996)]. However, these
studies assume that labor supply is fixed, which may lead to specification prob-
lems. Moreover, individual preferences over consumption and leisure cannot be
recovered.

The second issue concerns the use of personal incomes in the design of the
tests. In most studies, the distribution of household (total or nonwage) incomes
plays an important role in the derivation of tests. However this variable is par-
ticularly prone to reporting and measurement errors which may severely bias
econometric tests [Chiappori et al. (1993), Lundberg and Pollak (1996)]. More-
over, endogeneity of earnings is likely to be a serious problem. Even in the case
of nonwage incomes, one must expect these variables to be correlated with some
unobservable individual characteristics that influence consumption and labor sup-
ply [Behrman, Pollak and Taubman (1995)]. For instance, variations in property
income may reflect past saving and therefore unobserved (past and current) pro-
ductivity heterogeneity?.

It should however be emphasized that personal incomes (whether labor or
non-labor) are not needed to perform tests of this kind. A more general idea is to
use distribution factors [Bourguignon, Browning and Chiappori (1995)], that is,
variables that can affect the decision process without influencing preferences or the
joint consumption set. Typically, distribution factors include not only personal
income variables, but also ‘extra-environmental parameters’ (EEPs) in McElroy's
(1990) terminology, that affect opportunities of spouses outside marriage and can
therefore influence respective bargaining powers and the final allocation. Like
personal income variables, EEPs should have no effect on behavior in the unitary

20ne way to avoid these problems is to exploit ‘natural’ experiments involving exogenous
reallocation in intra-household incomes. Thus Lundberg, Pollak and Wales (1997) present a
test of pooling based on a policy change in the United Kingdom that transferred child allowance
from husbands to wives in the late 1970’s. Unfortunately such natural experiments are very
scarce.

La documentation Francaise : "Modéles collectifs d'offre de travail : rapport final du comité ""Emploi - travail - redistribution™ /

sous la responsabilité de Pierre-André Chiappori ; Commissariat général du Plan."



63

framework while the collective approach may restrict the form taken by their
influence. Moreover, EEPs play a role in some cooperative models while they
play none in others. Thus outside opportunities can influence behavior in the
Manser-Brown/McElroy-Horney divorce threat bargaining model. However, they
will have no effect in the Lundberg-Pollak ‘separate spheres’ bargaining model.
In this case, the fallback option is not divorce but an uncooperative marriage
in which spouses “revert to a division of work based on socially recognized and
sanctioned gender roles”.® In short, distirbution factors (or EEPs) represent a
means of providing additional tests of the unitary and the collective models, and
of discriminating between some non-unitary approaches.

A second contribution of the paper is the introduction, within a model of la-
bor supply, of exogenous distribution factors that provide additional tests of the
collective setting. The basic idea, here, is to use variables that proxy the situa-
tion on the marriage market. The intuition can be traced back to Becker (1991,
ch.3), who emphasizes that the marriage market is an important determinant of
intra-household utility distribution. In his approach, the state of the marriage
market crucially depends on the sex ratio, that is, the relative supplies of males
and females in the marriage market?. A nice theoretical foundation of this view
has been provided by Rubinstein and Wolinsky (1985), who consider a non co-
operative repeated game model of transactions between pairs of agents who meet
randomly and bargain if they meet. Viewed as a model of marriage, it predicts
that, following an increase in the number of males relative to females, males will
be willing to concede a larger share of the gains from a marriage contract with a
female [Bergstrom (1997)]. This discussion suggests that the sex ratio is a poten-
tially important EEP. More recently, Grossbard-Shechtman (1993) has developed
a simple general equilibrium model of the interactions between marriage markets
and labor markets in which the sex ratio influences marriage and labor supply de-
cisions. At the empirical level, using time series and cross-section data, she found
that an increase in the sex ratio reduces the labor force participation of married
women in U.S. However her econometric approach is not explicitly grounded in a
structural model and uses aggregate data, which may create serious problems for

3Lundberg and Pollak (1993) develop a modified version of this model which allows for
binding prenuptial agreements on a minimal transfer from one spouse to the other. This model
could allow EEPs to influence distribution within marriage in the long run by influencing the
value of this transfer in new marriages.

4Lundberg and Pollak (1996) insist on the specific features of the marriage contract (e.g.,
whether marriage agreements are binding or not) as another determinant of the marriage market.
Unfortunately, it is difficult to construct empirical measures of these features.
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empirical testing.

In this paper, we introduce a sex ratio variable in our parametric model of
household labor supply and derive the restrictions imposed by the collective model
when allowing for this variable. In this setting, household decisions can be mod-
eled as a two-step process. First, the individuals share their total nonwage income
according to a sharing rule; then they maximize their own utilities subject to sep-
arate budget constraints. The sex ratio influences labor supply via this sharing
rule. Also, from observable labor supply behavior, it is possible to recover indi-
vidual preferences (up to a translation) and the sharing rule (up to an additive
constant).

Our main conclusions are as follows :

e the parametric restrictions implied by the collective model are not rejected,
although they are the verge of rejection in one version of the model (and
clearly not rejected in the other version).

e the estimation of the sharing rule suggest small but significant effects of
wages upon intrahousehold allocation. For instance, we find that a one dollar
increase in male (resp. female) hourly wage - which, given the average
number of hours per year, represents an average additional yearly income
above $2,000 (resp. above $1,500) - increases (resp. decreases) the male’s
share of non labor income by $470 (resp. $85).

e the sex ratio does influence labor supply behavior in a significant way. More-
over, the directions are those predicted by theory. Other things equal, an
increase in the proportion of women raises female labor supply while it
reduces male labor supply; this suggests an effect of the sex ratio on intra-
household income distribution that, according to our estimates, is around
$280 a year per percentage point. Even more interesting is the fact that no
such effect can be observed on singles; this indicates that, although the sex
ratio may partly reflect conditions on the labor market, it probably is not
the whole story.

2. The Model

In this section, we develop a collective labor supply model which extends Chiap-
pori’'s (1992) approach to take into account distribution factors. In this frame-
work, the household consists of two individuals with distinct utility functions

6
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and the decision process, whatever its true nature, leads to Pareto-efficient out-
comes. This assumption seems quite natural, given that spouses usually know
each other’s preferences pretty well (at least, after a certain period of time) and
intereact very often. Therefore, they are unlikely to leave Pareto-improving deci-
sions unexploited [however, see Udry (1996)).

Formally, let hf and C* denote respectively member i’s labor supply (with 0 <
h* < 1) and consumption of a private hicksian composite good whose price is set to
unity, for 1 = 1, 2. Household members have egoistic preferences® represented by
strictly quasi-concave and increasing, continuously differentiable, utility functions
Ui(1 — h%,C*, z), where 2 is a K —vector of preference factors, such as age and
education of the two agents, number and age of children, etc. For convenience,
the vector z is assumed the same in both utility functions. Also, let w;, wg, y
denote respective wage rates and household nonwage income. Finally, s denotes
the L—vector of distribution factors.

Under the collective framework, intra-household decisions are Pareto-efficient,
that is, for given (w!, w2 y, z, 5), there exists a constrained utility 2?(w!, w? y, z, s)
such that the (h?, C?) solve the following program:

max U'=U!(1-h!C 2)
{hl,h?,Cl,CT}

subject to (P)

U%(1 - h?,C? 2)
wih! + woh? +y
0

ﬁQ(wltw21 Y, 2, S),
Cc! +C?,
R'<1, i=1,2,

IN IV IV

where the function %° is assumed continuously differentiable in its arguments. It
should thus be clear that the particular location of the solution on the Pareto
frontier depends on all relevant parameters, since the value of 4% depends on
wy,ws, Y, z and s. Moreover, since the vector of distribution factors, s, appears
only in @2, a change in s does not affect the Pareto frontier but only the final
outcome on it. In the particular case where 2% is a assumed to be constant,

5As shown below, the model also holds in the more general case of ‘caring’ preferences [see
Becker (1991)).
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the collective framework corresponds to the unitary model. In this situation, the
distribution factors have no effect on behavior.

As far as efficiency is concerned, there is basically no restriction upon the
form of the function 4. However, for the estimation process, we shall assume
that 42 is monotonic. A natural interpretation is that an increase in w;, ws or y
should presumably increase both member’s utility, whereas, in the line of, say, a
bargaining interpretation of the decision process, any distribution factor that is
positively (resp. negatively) correlated with member 2's (resp. 1's) threat point
should increase @°.

Now, it is well known, from the second fundamental welfare theorem, that
Pareto optima can be decentralized in an economy of this kind [see Chiappori

(1992)]. Specifically, we have the following result :

Proposition 1. The program (P) is equivalent to the existence of some function
¢(w1, we, v, 2, s) such that each member i (i = 1,2,) solves the program :

max U*(1 — h*,C*, 2)

{h*,C}
subject to (P")
wih* +¢° > C

0 < A<

where ¢! = ¢ and ¢ =y — 9.

Proof. This is an immediate consequence of the second welfare theorem. @

The interpretation is that the decision process can always be considered as a
two stage process : first, nonwage income is allocated between household members
and then, each member separately chooses labor supply (and private consump-
tion), subject to the corresponding budget constraint.® The function ¢ is called
the sharing rule; it describes the way non labor income is split, as a function of
wages, non labor income, distribution factors and other observables characteris-
tics.

In the presence of household public goods, a sharing rule can be defined but conditionally
on the level of these public goods.
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2.1. Restrictions on Labor Supplies and the Sharing Rule

The collective framework imposes certain restrictions on the labor supply func-
tions. To analyze this issue, let us first define the unrestricted labor supply func-
tions:

hl = hl(wlyw21y)z)s)) (21)
h2 = hz(wl)wQ)yrz)s)' (22)

In the remainder, we assume these functions are continuously differentiable.
From (P'), and assuming an interior solution, labor supply functions can be writ-
ten as:

h' = H'(w;, ¢(wy, wo, y, 2, 5), 2) (2.3)

h'2 = Hz(w%y - ¢(‘W1,‘LU2, y,Z,S),Z) (24)

The particular structure of equations (2.3) and (2.4) imposes testable restric-
tions on labor supply behavior; furthermore, it is possible to recover the partials
of the sharing rule. The key point is that each member’s wage rate can only have
an income effect on his or her spouse’s behavior through its effect on the sharing
rule. Also, distribution factors and nonwage income influence behavior through
the sharing rule. Consequently, information on the impact of these variables on
labor supply behavior of member 1 allows us to estimate the marginal rate of sub-
stitution between w, and y as well as between wqo and each s; in the sharing rule.
The same argument applies to member 2's behavior; and the two nonwage shares
must add up to one. This will allow to exactly recover the partial derivatives of
the sharing rule. Finally, the equality of the effect of each distribution factor on
the sharing rule as computed from both labor supply functions yields L additional
restrictions.

To be more precise, using equations (2.3) and (2.4), let us define A = hy, /h,,
B = h% [k, Cy = h, [hy and D; = h2 [hZ, whenever hl-h2 #£0,forl=1,---, L.
Note that all these variables are observable and can thus be estimated. The
following results hold:

Proposition 2. Take any point such that h, - h2 £ 0. Then

(i) If there exists exactly one distribution factor, and that it is such that C # D,
the following conditions are necessary for any pair (h?, h?) to be solutions
of (P') for some sharing rule ¢:
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a( D )_g_ ma)
ds\D-C) d&y\D-C
- (525) =% (5=¢)
dw, \D-C/) d8y\D-C
q( D )_d(AD)
dwo, \D-C/) 0dy\D-C
8 (CD _jg< BC

6m<D—C)_& D—C)
5o (5=0) = 5 (5=5)
dwa \D —C/) &s\D-C

o ( BC ) 0 ( AD )
dw \D—-C/) 8w, \D-C
(ii) assuming that conditions (a) ~ (f) hold and for a given z, the sharing rule
is defined up to an additive constant x and its partial derivatives are given

(b)

(c)

(d)

(f)

by
D
¢V‘D—c
6 — CD
* D-C
BC
v =p_C
¢__AD
o p-cC
10
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(ii) Finally, if there are several distribution factors (1 = 1,---, L), an additional
set of necessary and sufficient conditions are :

c_c

=2 =21
Dy, D

Demonstration: see Appendix

Conditions (a)— (f) are analogous to Slutsky restrictions in the (general) sense
that they provide a set of partial differential equations and inequalities that must
be satisfied by the labor supply equations (2.1) and (2.2) in order to be consistent
with the collective model. Note, however, that their form is quite different from
those obtained in Chiappori (1992) for a similar model without distribution factor.
As a matter of fact, the introduction of distribution factors deeply changes the way
the model is identified. In Chiappori’s initial contribution, identification required
second order derivatives. In our case, on the contrary, first order derivatives are
enough. This suggests that the kind of identification that may obtain is more
robust in this case. Note, however, that an alternative approach using second
derivatives can still be used (in the case, for instance, when C; = D, for all 1); it
leads to identical results.

Interestingly, the model implies that the relative effects of distribution factors
on each labor supply are equal, that is, hl /h} = h%/h2  forl =2,--- L, since
both members of this equation are equal to ¢, /¢;,. ' These latter restrictions
are very general in the sense that they can be shown to hold also when public
goods and externalities are allowed [see Bourguignon, Browning and Chiappori
(1995)]. The basic reason is that, as mentioned earlier, distribution factors affect
consumption and labor supply choices only through the allocation chosen on this
frontier -or equivalently, through the respective weighting of each spouse’s utility
implicit in this allocation. Since this weighting is unidimensional, this implies
that the ratio of the impacts of all distribution factors on the two labor supplies
are equal. It is worth stressing that these restrictions appear only when there are
at least two distribution factors.

2.2. Caring

Up to now, we have assumed that preferences are egoistic. However, as shown in
Chiappori (1992), all the previous results also hold in the more general case of

"These restrictions are implied by conditions (c), since, from the latter, one has C,/C; =
Dy/D,, and since, from the definitions of the C’s and D’s, one has h} /hl = C,/C and
h2 /h2 = Dy/Dy, for1=2,---,L.

11

La documentation Francaise : "Modéles collectifs d'offre de travail : rapport final du comité ""Emploi - travail - redistribution™ /
sous la responsabilité de Pierre-André Chiappori ; Commissariat général du Plan."



70

“caring” agents [see Becker (1991)], that is, whose preferences are represented by
a utility function that depends on both his or her egoistic utility and his or her
spouse's. Formally, the member i's utility function can be written as:

Wi =wiUul(1 -k, Chz), U1 - k% C%2)]), for i=1,2 (2.5)

W' is continuous, increasing and quasi-concave in “egoistic” utilities U! and U2
These utility functions impose separability between a member’s own private goods
and his or her spouse’s. It is clear that any decision that is Pareto efficient under
caring hypothesis would also be Pareto efficient, were the agents egoistic. Assume
not; then it would be possible to increase the egoistic utility of a member without
decreasing the utility of the other. But this would increase the caring utility
of at least one member without reducing the caring utility of any member, a
contradiction. In fact, the Pareto frontier of caring agents is a subset of the
Pareto frontier derived by assuming assumed that they are egoistic [Chiappori
(1992)].

In the next section, we will use these results to derive the parametric re-
strictions imposed by the collective model to the particular labor supply system
considered in our econometric approach, and to recover the corresponding sharing
rule.

3. Parametric Specification of Labor Supplies

In order to estimate and test a collective model of labor supply, we must first
specify a functional form for individual labor supply functions. The following
unrestricted system:

hy = fo+ filogw) + fologwe + fay +
felogw)logwy + fss + fez + frsz; (3.1)
ho = mgy+ m;logw; + maologwsy + may +
m4log w; log we + mgs + mgz + mpsz, (3.2)
where the f;'s and the m,’s, fori = 1,-- -, 5, are scalar, and the f;’s and the m;'s,

for i = 6,7, are K—vectors of parameters. For convenience and to reflect the
empirical section, it is assumed that the vector of distribution factors, s, has only
one element (i.e., L = 1).

12
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The generalized semi-log system (3.1) and (3.2) satisfies a number of desirable
properties. First, in its unrestricted form, it does not impose all the (equality)
conditions of the collective model. Therefore, the latter yields a set of restrictions
that can be empirically tested. Second, as shown below, these restrictions do not
impose unrealistic constraints on behavior. Third, assuming that the collective
restrictions are satisfied, it is possible to recover a closed form for the sharing
rule (up to an additive constant «) and for the pair of individual indirect utility
functions (for any given k). Finally, the fact that equations (3.1) and (3.2) are
linear in parameters eases the estimation, specially when corner solutions have to
be taken into account.

Of course, this generalized semi-log system also has some limitations. While
some restrictions of the unitary model consistent with this system do not impose
unrealistic labor supply on behavior, other restrictions do and therefore cannot be
tested.® However, this should not be a serious problem since the unitary model of
household labor supply has been rejected in many empirical work [e.g., Kooreman
and Kapteyn (1986), Lundberg (1988), Fortin and Lacroix (1997)]. Second, la-
bor supply curves are either everywhere upward sloping or everywhere backward
bending, though the sign of 8h*/dw; can change with the level of w; (5 # i).
Note, however, that the log form for the wage rates is likely to reflect more re-
alistic behavior than the linear form that is frequently used in empirical studies
[e.g., Hausman (1981), Triest (1990)]. Thus it allows the effect of the wage rate on
labor supply to decrease with the level of hours of work (when the labor supply
is upward sloping), which is likely to be the case. It is alsc worth mentioning
that our specification allows for interactions between distribution and preferences
factors.

The restrictions imposed by the collective model (see Proposition 1) to the
generalized semi-log system can easily be derived. First, using the definitions of

8More specifically, the unitary model imposes that labor supplies are independent from any
distribution factor and that the Slutsky matrix of compensated wage effects is symmetric and
semi-definite positive. The former constraint requires that fs = f7x = ms = mq, = 0, for all
k. These restrictions can be tested. However, the symmetry of the Slutsky matrix requires in
addition either that (i) fo = f3 = f4 = m; = m3 = my = 0, which implies that each labor
supply depends only on own wage rate and on preference factors, or that (ii) fo = myg, f3 =
m3, fex = mex and f) = fo = f4 = my = my = my = 0, for all k, which implies that labor
supplies are the same and depend only on nonwage income and on preference factors. It is clear
that these two cases impose severe constraints on behavior.

13
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A - D, and of a — 3, one gets:

4 = fo+ falogw, B_m1+m4logw2
waf3 ' wim3 ’
/2 ms + msz
C = f5+f7, p=ms ?
fa my

The condition C # D is satisfied unless

my_Mms_™mn_ _TUK _p
fa fs fn frk

Then the necessary and sufficient conditions take the following form ::
my (fs + frz) = fa(ms +m72)

Since this condition must hold for any z, this imposes that m4fs = f4sms and

mafre = faemri, for k = 1,---, K, or, equivalently (assuming that no parameter
is equal to zero)

me _Ms _Mmn _ MUK _
fo  fs  fn T fik
If the latter are satisfied, then the partials of ¢ are given by :
famy
d’y = A
My '
¢ = —+ (fs + fr2)
é _ £m1+m4logw2
v A why
bu. = my fa + f4logw,
w2 A Wy
where A = famy — fqym3.
me _oms _ omn_ o mk (3.3)
fa fs fn frx

Equations (3.3) impose testable cross-equation restrictions in our labor supply
system. They require the ratio of the marginal effects of the cross term in log w;
and log wy to be equal to the corresponding ratio of the marginal effects of the
distribution factor on labor supplies. It should be stressed that our collective
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model imposes no (equality) restriction when there is no distribution factor or no
cross term as log w, log ws. Also, the inequalities conditions (d) and (e) must be
verified for the collective model to hold.

Now, assuming that conditions (a) —(e) are satisfied, one can easily recover the
sharing rule. Solving the four differential equations system of partial derivatives
of the sharing rule, as given in (ii) of Proposition 1, one obtains:

1
¢ = A [m1fslog wy + famglogwo + fymylogw, log wo +

famay + myfss + mafrzs] + €(z), (3.4)

In equation (3.4), the function £(2) is not identifiable, since the variable z affects
both the sharing rule and the preferences. This reflects the fact that the sharing
rule can be recovered up to an additive constant for each individual.

4. Econometric Issues

It is natural to estimate restricted or unrestricted versions of the labor supply
system (3.1) and (3.2) using an instrumental variable (IV) approach, given that
the wage rates and nonwage income variables are potentially endogenous [see
Mroz (1987)]. However, one must take into account the fact female labor supply,
h!, is censored at zero. The problem is much less important in the case of male
labor supply since less than 5% of our male sample did not work over the period
considered. Consider the following latent variable model for the household i:

hi* = 8iza + pa, (4.1)
h? = 8yza+ pi, (4.2)

where the §;’s are the vectors of parameters to be estimated, the z;;'s are the
vectors of explanatory variables, some of which are potentially endogenous and
the p;'s are error terms with (piy, pi2) ~ N (0, L), for j = 1,2. The variable h}*
is a latent variable for the female i's labor supply and the variable h? is the male
i’s observed labor supply (no censoring at zero is assumed). While the value of
hl* is not observable, an indicator function h! is observed and is related to h}* in
the following manner:

hl =

1

hi* ifRl*>0
0 otherwise.

15
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Using GMM to estimate the system (4.1) and (4.2) with one latent equation is
motivated by the fact that the standard tobit model can be estimated consistently
using a Nonlinear Least Squares (NLLS) method [Amemyia (1985)]. Two general
classes of estimators are available for this purpose: estimators based on either the
expectation function (EF) of h] or the expectation function of h] conditional on
h; > 0 (CEF), for j = 1,2 . Moreover, as shown by Stapleton and Young (1984),
the EF and the CEF expectation estimators are robust to measurement errors on
the positive value of the censored dependent variable, which is not the case for
the standard maximum likelihood (ML) estimator of the system of equations.®

Since wage rates are not observable for females who do not work, it is natural
to focus on the CEF estimator. Using properties of the truncated multivariate
normal distribution, it is easy to show that the CEFs of the female and male labor
supplies, given z;; and z;;, are respectively given by:

()

E(h! |1,k >0) = 8z4 +0,—= = hl(za, §) (4.3)
®(:)
E(h? I .’L’{g,h} > 0) = 6&15,‘2 + 012/02-2)—(('2) = h2(.’L','2, 6;), (44)

where ¢(-) and ®(-) are respectively the density and the cumulative functions of
the standard normal distribution evaluated at §}z/0, and where 6} = ( Loy
and 8; = (83,01,012/02)" The expression ¢(-)/®(-) is the inverse of Mills’ ratio.
In the presence of this expression, the CEF of each h} is a nonlinear function of
§;. Using equations (4.3) and (4.4), the female and male labor supply equations,
conditional on h} > 0, can be written as:

hll = h'l(zila 5:-) + E:' (45)
ht = h*(zi,65) + €, (4.6)

9The reason why the standard ML estimator is not consistent in the presence of measurement
error is that the estimator of one of the parameters, the variance of the error term of the
censored equation, is based in part on the variance of the corresponding dependent variable.
Since measurement error increases this variance, its estimator is biased upward and this bias is
transmitted to the coefficient estimators of the equation system. On the contrary, measurement
error does not affect the consistency of EF or CEF estimators since no parameters from the
(unspecified) distribution of the measurement appear in the EF or in the CEF. Of course, these
estimators are asymptotically less efficient than a correctly specified ML estimator, but the
latter requires the specification of the measurement error.
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where, by equations (4.3) and (4.4), E(e] | z;;) =0, for j = 1,2.

Naturally, the labor supply system (4.5) and (4.6) could be estimated using
an NLLS approach if the z;; variables were all exogenous. However, it is inap-
propriate if any of them is endogenous. We therefore rely on GMM estimates
with White's correction for heteroskedasticity. More specifically, define h? (z,, 6+)
as the mean function of the vector of observations on labor supply, h?, where
z; is the corresponding matrix of observations on explanatory variables. Denot.e
e = [(ht = hi(zy, 81))', (h® = h%(z2, 6F)] as the stacked vector of error terms. As-
sume there exists a set of instruments W and define W = I W, where [ isa 2x 2
identity matrix. The moment conditions E (e;W;) = 0 are assumed to be satisfied.
The GMM estimator for §*(= (67, 65)), in the case where there are more moment
conditions than there are parameters to estimate, is chosen to minimize:

e'[W(W'QW) W), (4.7)

where (W'SQW) is the covariance matrix of W'e. The diagonal matrix € is not
observable. However, it can be approximated by a heteroskedasticity-consistent
covariance matrix estimator (HCCME) Q, the i* diagonal element of which being

given by € = [h}! — hl(zy, 6*) h2 — h?(z, 62 ]2, where the estimated parameters
are obtained in a first step using a nonlinear instrumental estimation. The latter
consists in minimizing equation (4.7) with  being replaced by the identity matrix
[see White (1980)].

While the estimator of §* obtained using the HCCME  has good asymptotic
properties, it is possible to modify it so that it has better finite-sample properties.
Mackinnon and White (1985) concluded that a different HCCME (denoted )
generally seems to perform better in Monte Carlo experiments. The i** diagonal
element of this HCCME is given by €!/(1 — i;,')l, where ki = fi(f'f)'f{ is the i*"
diagonal of the “hat” matrix }5; that projects orthogonally onto the space spanned
by the columns of f, where f is the stacked matrix of derivatives of h!(z;, §;) and
of h%(z4,85) with respect to the parameters of the model for all observations.

Following an iteration process suggested by Mackinnon and Davidson (1993),
equation (4.7) is first minimized starting with Q = I; next we compute { and
minimize (4.7) again. Upon convergence, we compute ) with the new set of
parameter estimates and minimize again (4.7) until both Q and §+ converge to
stable values. The covariance matrix of §+ is then estimated as:!°

()W (WQW) W' (f). (4.8)

195ee Greene (1993), p.379.
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where f corresponds to the matrix f evaluated at (6.*).

It is worth mentioning that our approach does not allow us to identify the stan-
dard deviation of the error term associated with the male labor supply equation,
o9; only 019/02 is identifiable (see equation (4.4)). Also, since o, is identifiable
from equation (4.3), the correlation coefficient between the error terms of male
and female labor supplies, p (= 012/0,02), is identifiable.

5. Data and empirical results

5.1. Data

The data we use in this study come from the University of Michigan Panel Study
of Income Dynamics (PSID) for the year 1988 (interview year 1989). Our sample
consists of 2034 households in which both spouses have positive hours of work
and whom are between 18 and 60 years of age. First-year cohabitors are excluded
from the sample in order to concentrate on ‘stable’ households.

The dependent variables, male and female annual hours of work, are defined
as total hours of work on all jobs during 1988. The measure of the wage rate is the
average hourly earning, defined by dividing total labor income over annual hours
of work. Nonwage Income includes total transfers (from government and relatives)
and income from interest and dividends.!' Our sex-ratio index is computed at the
State level using data from the Census of Population and Housing of 1990. It
corresponds to the number of males that are of the same age and same race as
the husband of each household over the number of males and females that are of
the same race and age group.!?

Table 1 presents the sample characteristics. The upper panel concerns vari-
ables that are treated as endogenous in the ensuing empirical analysis. The lower
panel concerns variables that are either used as controls or as instruments. As
expected, men work on average more yearly hours than women and earn a some-
what higher hourly wage rate. The large standard deviation on nonwage income
is primarily due to the fact that many young households earn little, if any, income
from dividends and/or interests. The next two lines report the average number
of preschoolers and school age children per household. These two variables are

"Naturally, nonwage income is treated has an endogenous variable in the empirical section.

12We experimented with various definitions of the sex-ratio: means of sex-ratios using the
number of females who are two years younger than the husband or based on individuals who
are at most 2 or 5 years younger than the husband of each household. The resuits were very
robust to the definition used.
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treated as endogenous in the empirical section of the paper. Although there is
mixed evidence concerning the endogeneity of women'’s labor supply and number
of children [see, e.g., Schultz (1980) and Mroz (1987)], we deem preferable to
instrument these variables.3

Men are also slightly older than their spouse but they both have similar school-
ing, which in turn is above that of their respective father. The distribution by race
is identical among men and women. A closer look at the data reveals that there
are very few interracial marriages in our sample. The sex ratio is thus computed
on the assumption that the relevant marriage market is limited to one’s own race.
The next lines report the mean of the sex ratios for Whites, Blacks and Others
(essentially Asians and American Indians). Although the means are relatively
similar, the sex ratios for Blacks and Others depict much more variation. This
increased variation is observable both state-wide and age-wise.

5.2. Empirical Results

The parametric form that will be estimated was presented in equations (3.1) and
(3.2). Recall that the vector of distribution factors, s, appears twice in each labor
supply functions, once by itself and once in interaction with the preference factors.
As mentioned earlier, given the difficulty of obtaining information on distribution
factors, we only consider one of those, namely the sex ratio.!* After considerable
investigation, only an interactive term between the sex ratio and a dummy variable
that indicates whether there are any preschool children in the household, has been
introduced in the model. In doing so, we wish to investigate whether the impact
of the sex ratio is hindered by the presence of preschoolers. Indeed, one could
argue that the effect of alternative options in the marriage market on behavior of
spouses (specially women) is likely to be much less effective in the case of couples
with young children. Finally, the other preference factors are the number of school
age children, education, age, and dummy regional variables. This specification is
relatively standard in the labor supply literature [e.g. Mroz (1987), Smith Conway
(1997)].

Before dwelling into the results, the issue of endogenous covariates must be
addressed. Indeed, unobserved individual characteristics may be positively corre-

BAs will see later, most results are unaffected by instrumenting these variables.

14We did estimate the model by distinguishing between husband’s and wife’s nonwage income
to provide one additional distribution factor. Unfortunately, the parameter estimates were
never statistically significant when doing so. One basic difficulty lies in properly defining and
measuring each spouse’s nonwage income.
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lated with wages and/or nonwage income and hours of work, thus creating spuri-
ous correlation between right hand-side variables and the error terms of the hours
equations. We thus follow Mroz (1987) and use a second-order polynomial in age
and education to instrument the wages, the nonwage income and the number of
preschoolers and school age children.!> Other instruments include father educa-
tion and dummy variables for race, spanish origin, religion, city size and region
of residence. In the unrestricted version, there are 29 parameters to estimate and
over 68 instruments (see Tables 2 and 3 for the complete list of instruments). All
specifications assume the absence of correlation between the error terms of male
and female labor supplies.

The first two columns of Table 2 present the parameter estimates of equations
(3.1) and (3.2), respectively, i.e. the unrestricted model.’® Notice that all the
parameters are statistically significant at conventional levels, except for nonwage
income in women'’s equation and sex ratio x preschoolers in men’s equations.

The parameter estimates of the unrestricted model provide interesting results
that are worth mentioning. For instance, the parameter estimate associated with
the sex ratio 1s negative in women’s equation and positive in men's equation.
Furthermore, the interaction between sex ratio and the presence of preschoolers
has a positive impact on women’s labor supply, but none on men’s labor supply.
Put differently, women with preschoolers seem totally unaffected by status of the
marriage market. In fact, the null assumption of no impact can not be rejected.
On the other hand, women without preschoolers tend to work less, whereas men
appear to work more when the sex ratio increases. These results thus reject an
important restriction of the unitary model according to which no distribution
factor influences behavior.!” Moreover it also rejects the simple version of the
'separate spheres’ model which assumes that the threat point is not divorce but
an uncooperative marriage. 8

15The parameter estimates of wages and nonwage income are rather insensitive to the in-
strumentation of the children variables. Although no formal tests have been conducted yet, it
appears the children variables would probably fail an exogeneity test.

8The ‘extended model’ refers to the fact that the distribution factor appears both by itself
and in interaction with the presence of preschoolers in the two labor supply functions.

170f course, one could argue that this test is subject to a specification problem since, as shown
earlier, the functional form considered for labor supplies imposes unrealistic behavior when all
restrctions of the unitary model are assumed.

BTheoretically, one could also test restrictions of this model (or of alternative bargaining
models) that stem from the particular formulation of the Nash bargaining program. However,
these restrictions are likely to be very difficult to derive formally [see McElroy (1990) and
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It can be argued that these tests are biased since the sex ratio is likely to
be correlated with unobserved variables. For instance, spatial variations in the
sex ratio could be related to labor markets considerations [Grossbard-Shechtman
(1993)]. States that concentrate in ‘male’ sectors will attrack relatively more men
through migration. Therefore, they will have high sex ratios and presumably high
male hours of work. Female hours of work, on the other hand, may well be below
the national average in these states. Conversely, states that concentrate in ‘female’
sectors will have low sex ratios and high female hours of work.!® One answer to
this criticism is that, as long as these effects influence hours of work through
the wage rates, they are taken into account in our model since we control for
individual wage rates. However, they could also affect unobserved variables that
influence hours of work such as labor market rationing, nonwage remuneration
etc. One way to discriminate between the marriage market and the labor market
hypotheses is to analyse the impact of the sex ratio on the labor supply of singles.
According to the marriage market hypothesis, the sex ratio should have no effect
on their labor supply (at least if one ignores its impact on transfers to potential
spouses). In contrast, under the labor market hypothesis, the sex ratio should
influence the labor supply of both singles and couples. Yet, in regressions not
reported here, singles (males and females) do not respond to variations in sex
ratios. Thus, although the sex ratio may partly reflect conditions on the labor
market, it probably is not the whole story.

The restrictions imposed by the collective framework on the generalized semi-
log system boil down to the first two equations of the system (3.3), since frx =
my =0, fork = 2,.--, K. To assess the validity of the collective model, we report
the parameter estimates of the restricted model in columns (3) and (4) of the
table. The bottom row reports the value of both functions. These values follow
a x? distribution with as many degrees of freedom as there are overidentifying
restrictions. As mentioned earlier, there are 68 instruments used in the estimation
and there are 29 parameters to estimate in the unrestricted version of the model.
Thus, the critical value is x3 ;5(39) ~ 54.6. Consequently, our instruments cannot
be rejected on the basis of this test. The restricted estimation also cannot be
rejected [x35(40) ~ 55.7). In the GMM framework, the likelihood ratio test is

Chiappori (1992) for a recent discussion].

19 Another interpretation or the labor market hypothesis is that in States where one observes
a relative scarcity of men (low sex ratio), the demand for their services will be stronger and
therefore they will tend to work longer hours than elsewhere. The contrary will be observed
for women. Our empirical evidence reject such an interpretation since we observe the opposite
results.
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equivalent to the difference in function values, which is distributed as a x2(k),
where k is the number of restrictions. Thus, the model is at the margin of being
rejected at a = 5% (x205(2) = 5.99). Furthermore, most parameter estimates of
the men’s equation are not statistically significant.

Column (5) of the table reports the implicit parameters of the sharing rule
as derived from the restricted parameters of columns (3) and (4). Since many
parameter estimates are not statistically significant we will not discuss the sharing
rule in the extended model. Instead, we now turn to Table 3, which reports the
parameter estimates of the ‘simple model’, i.e. a specification that omits the
interaction term between sex ratio and the presence of preschoolers.

The set up of Table 3 is similar to that of Table 2. Note that nearly all the
parameter estimates of the upper panel are statistically significant at conventional
levels. It is also worth stressing that the parameter estimates of both tables are
relatively similar. As in the previous table, the overidentifying restrictions cannot
be rejected on the basis of the usual x? tests. The likelihood ratio test at the
bottom of the table indicates that the restriction imposed by the collective model
is easily accepted.?° As in the previous table, the sex ratio has a negative and
significant impact on women'’s hours or work and a positive and significant impact
on men’s hours of work. Finally, the identifiable parameters of the sharing rule
are all statistically significant.

In order to gain insight into the interpretation of the parameters of the sharing
rule (see equation (3.4), Table 4 reports the partial derivatives of the sharing along
with their standard errors. The first column of the table replicates last column
of Table 3. The second column reports the partial derivatives themselves. These
partial derivatives represent the impact of a marginal change in one variable on
the nonwage income accruing to the husband after sharing. According to our
parameter estimates, a one dollar increase in the wife’s wage rate, wy, translates
into less income being transferred to the husband. At the mean of the sample, the
impact is relatively small, 858, and not statistically significant. On the other hand,
a one dollar change in the husband’s wage rate, wy, translates into significantly
more nonwage income being transferred to the husband. Indeed, the table shows
that as much as 472§ will be transferred from his wife following the increase in
wh, at the sample mean. However, since the interactive term in the logs of wage
rates is negative, this means that an increase in the wife's wage rate reduces the
importance of this transfer. These results lend support to the notion that spouses
may be involved in some form of bargaining. The next line indicates that a one

2In the simple model, the only restriction to satisfy is —";—‘1 = —'}—‘:
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dollar increase in family nonwage income will increase the husband’s income by
63 cents. Finally, a one percentage point increase our sex ratio index, according
to our parameter estimates, induces men to transfer an additional 2778 (1988) of
nonwage income to their spouse.

Finally, the other columns of Table 4 report various labor supply elasticities.
In general these elasticities are comparable to those found in the empirical labor
supply literature. Men’s labor supply elasticity with respect to nonwage income
is positive, which is somewhat surprising. Similar results were recently obtained
by Smith Conway (1997) also using PSID data. The last two columns report the
own wage elasticities for a given level of nonwage income received by each spouse.
These elasticities are obtained from individual preferences alone since they ignore
the effect of wage rates on the intra-household decision process. Women's elasticity
(=0.165) is slightly higher than the one reported in the previous columns. This
simply reflects the fact that a marginal increase in their wage rate increases their
share of the nonwage income, which in turn reduces labor supply through an
income effect. As for men, the wage elasticity has the a negative sign. But since
the income effect is positive in their case and sufficiently important, a marginal
increase in their wage rate shows up as positive in the previous columns.

6. Conclusion

In this paper, we provide evidence that the marriage market, as proxied by a sex
ratio index, influences household labor supplies, specially in the case of house-
hold with no pre-school children. Our results thus contradict one important pre-
diction of the unitary model according to which no distribution factor affects
intra-household decisions. Rather, we provide some support to bargaining models
in which the alternative option to a cooperative marriage is divorce or separa-
tion. Moreover, our results do not reject the restrictions imposed by the collective
model of labor supply developped by Chiappori (1992), according to which the
intra-household outcomes are Pareto-efficient. We also recover most parameters
of the sharing rule associated with this model. In particular, according to our
results, a one percentage point increase in the percentage of males in the popula-
tion induces the husbands to increase their transfer to their wife by 2778 (1988)
on average.

Our analysis is subject to some limitations though. Since our estimates are
conditional to the choice of living in couple, they could suffer from a selection
bias. For instance, in regions where the sex ratio is relatively small, more ‘low-
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quality’ men are likely to marry, given the scarcity of men in the marriage market.
However, as long as these men are also characterized by a low productivity in the
labor market or low preferences for work, this may create a spurious (positive)
correlation between the sex ratio and male hours of work. More research on
collective models that endogenize both marital choices and labor supply is clearly
needed.

Further, our approach assumes that the sex ratio is exogenous. However it
could be viewed as a variable that adjusts across regions to equilibrate the mar-
riage markets [Becker (1991)]. While we discuss some evidence that suggest that
this interpretation is not likely to seriously bias our estimates, it would be im-
portant to provide an analysis of the factors that explain variations of the sex
ratio across regions. Another useful extension of our model would be to intro-
duce a variable of sex ratio at the beginning of marriage. As long as marriage
agreements are binding, this variable should be the relevant one to explain the
intra-household distribution process and labor supply behavior. Finally, intro-
ducing household production in the model would be worth considering [see Apps
and Rees (1997) and Chiappori (1997) for a discussion].
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APPENDIX : Proof of Proposition 2

A. One distribution factor

Start from :
h'l = Hl (W1,¢ (‘ll)l, w2,Yy, S, Z) 1 Z)
h'2 = H2(1.U2,y "¢(w1,w2,y,313),2)
Then : .
PR
hy @y
B = i - —fuw
h2  1-¢,
hl
cohs_ %
hy ¢y
and 9
_hy =9
hy 1—¢,
Assume that C # D. Then the last two equations give :
D
b = D-C
CD
= b-C
Then the first two lead to :
BC
Pu = p_C
A
P = p_C

These partials are compatible if and only if they satisfy the usual cross deriva-
tive restrictions. Hence, the following conditions are necessary and sufficient :
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dws \D—-C/) 6w, \D-C
If these equations are fulfilled, then ¢ is defined up to an additive constant;
then the knowledge of Marshallian demands allows to recover preferences in the
standard way.

B. Several distribution factors

Finally, if there are several distribution factors, then they can enter labor supply
functions only through the same function ¢. This implies that :

hy _0a _ B
h'.l] ¢31 h?]

foralll. B
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TABLE 1
MEANS OF THE DATA
(Standard Deviation in Parentheses)

Women Men

Endogenous Variables:

Hours of Work 1659.9 2241.6
(650.2) (629.4)
log-wage 2.01 241
(0.68) (0.61)
Non-Labour Income 1558.5
(6774.9)
Children (< 6) 0.45
(0.69)
Children (7 - 17) 0.88
(1.05)

Exogenous and Instrumental Variables

Age 35.6 38.0
(8.4) (8.9)
Schooling 5.1 5.2
(1.5) (1.6)
Father Schooling 3.7 3.6
(1.8) (1.7)
Spanish 0.03 0.02
White 0.73 0.73
Black 0.25 0.25
Catholic 0.21 0.21
Jewish 0.02 0.02
Protestant 0.64 0.62
Other Religion 0.05 0.08
Sex Ratio (White) 0.499
(0.016)
Sex Ratio (Black) 26 0.509
(0.082)
Sex Ratio (Other) 0.477
(0.038)
City > 500 0.41
City 100 - 500 0.25
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TABLE 2
GMM PARAMETER ESTIMATES — EXTENDED MODEL

Unconstrained Constrained Sharing
Version Version Rule

Women Menx Women Men
logwy 1.241 0.418 1.203 -0.107 -0.024
(4.238) (1.764) | (3.670) (0.644) | (1.112)
log wp 0.760 0.383 0.731 0.035 2.979
(3.082) (1.667) | (2.687) (0.181) | (1.953)
logwys x logwp -0.433 -0.180 | -0.418 0.014 -1.036
(4.025) (1.944) | (3.450) (0.206) | (1.982)
Non-Labour Income -0.008 0.024 | -0.009 0.023 0.977
(0.522) (2.004) | (0.589) (1.946) | (21.403)
Sex Ratio -2.545 2.407 | -2.536 n.al -0.020
(3.297) (3.244) | (2.990) n.a. (0.484)

Sex Ratio x Children (< 6) 2.392  0.349 | 2.391 na! | -0.267
(2.030) (0.383) | (1.949) n.a. (1.071)

Intercept 1.315  -0.080 1.413 2.444
(1.538) (0.101) | (1.412) (0.594)
Children (< 6) -1.168 0.006 | -1.188  -0.097
(2.311) (0.017) | (2.257) (0.618)
Children (7-17) -0.010 0.063 | -0.012 0.022
(0.375) (2.578) | (0.409) (1.032)
Education -0.009 0.020 | -0.008 0.024
(0.577) (1.735) | (0.473) (2.104)
Age -0.101 0.012 | -0.107  -0.078
(2.002) (0.346) | (1.956) (3.125)
North East -0.125 -0.043 | -0.125 -0.041
(3.717) (1.396) | (3.597) (1.301)
North Central -0.033 -0.015 | -0.027 0.018
(0.818) (0.508) | (0.661) (0.641)
West. -0.062 -0.107 | -0.060 -0.059
(1.426) (2.924) | (1.293) (1.742)
o 0.261 0.265
(0.518) (0.620)
Value of Function 27.781 33.638
LR Test 5.857
27
Notes:

1. Absolute value of T-statistics in parentheses.
2. 1 This parameter is constrained.

3. Instruments: Second order polynomial in age and ed-
ucation (M-F), Father Education (M-F), White (M-
F),Spanish (M-F), City size (8 dummies), North-East,
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TABLE 3
GMM PARAMETER ESTIMATES — SIMPLE MODEL

Unconstrained Constrained Sharing
Version Version Rule
Women Men Women  Men
log wy 1.379 0.425 1.312 0.469 16.698
(4.712) (1.844) | (4.788) (2.399) | (2.278)
log wn 0.828 0.410 | 0.780 0.485 13.336
(3.431) (1.823) | (3.382) (3.119) | (1.985)
logwy x log wy -0.474 -0.184 | -0.449 -0.208 -5.720
(4.438) (2.038) | (4.491) (2.967) | (2.321)
Non-Labour Income -0.029 0.022 | -0.030 0.023 0.621
(1.501) (2.036) | (1.581) (2.098) | (3.128)
Sex Ratio -1.913 2.443 | -2.119 n.a.! -26.969
(2.760) (3.233) | (3.594) n.a. (2.236)
Intercept 0.769  -0.125 1.042 -0.181
(0.926) (0.157) | (1.503) (0.300)
Children (< 6) -0.308 0.126 | -0.341 0.129
(2.107) (1.092) | (2.482) (1.463)
Children (7-17) -0.003 0.061 | -0.007 0.060
(0.127) (2.490) | (0.287) (2.651)
Education -0.005 0.018 | -0.004 0.017
(0.323) (1.584) | (0.236) (1.525)
Age -0.096 0.010 | -0.106 0.007
(2.056) (0.262) | (2.422) (0.259)
North East -0.130  -0.046 | -0.127 -0.048
(4.028) (1.456) | (3.956) (1.564)
North Central -0.019 -0.016 | -0.015 -0.019
(0.513) (0.537) | (0.392) (0.670)
West. -0.041 -0.109 | -0.034 -0.111
(0.946) (2.939) | (0.822 ) (3.200)
o 0.350 0.342
(0.685) (0.774)
Value of Function 30.799 31.719
LR Test 0.920
Notes:

1. Absolute value of T-stadfstics in parentheses.
2. 1 This parameter is constrained.

8. Instruments: Second order polynomial in age and ed-
ucation (M-F), Father Education (M-F), White (M-
F),Spanish (M-F), City size (3 dummies), North-East,
North-Central, West, Protestant (M-F), Jewish (M-F),
Catholic (M-F)
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TABLE 4

SHARING RULE AND ELASTICITIES — SIMPLE MODEL

Variable

logwy
log wa

logwy x logwy

Non Labor Income 0.621

Sex-Ratio

SHARING RULE ELASTICITIES
Unconstrained Constrained Condi!
version version on ¢
() aVa?iableT Women Men Women Men  Women
16.698 -84.909 0.139 -0.008 0.135 -0.014 0.165
(2.278) (1.223) (2.176) (0.240) (2.111) (0.467) (1.144)
13.336 471.820 -0.075 0.016 -0.074 0.028
(1.925) (1.914) (1.320) (0.333) (1.296) (0.649)
-5.720
(2.321)
0.623 -0.027 0.015 -0.027 0.016
(2.321) (3.047) (1.506) (2.065) (1.582) (2.117)
-26.969 -277.085
(2.236) (2.136)

Notes:

1. Absolute value of T-statistics in parentheses.

2. ' The derivatives are computed with respect to
the wy and wh, not with respect to logwy and

log wh,.

29
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ANNEXE 4

Modéle général de demande de bien et d'offre de

travail dans un cadre collectif
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Efficient Intra-Household Allocations : A General
Characterization and Empirical Tests*

M. Browning! P.A. Chiapporit

July 1997

Abstract

The neo-classical theory of demand applies to individuals yet in empir-
ical work it is usually taken as valid for households with many members.
This paper explores what the theory of individuals implies for households
which have more than one member. We make minimal assumptions about
how the individual members of the household resolve conflicts. All we as-
sume is that however decisions are made, outcomes are efficient. We refer to
this as the collective setting. We show that in the collective setting house-
hold demands must satisfy a symmetry and rank condition on the Slutsky
matrix. We also present some further results on the effects on demands of
variables that do not modify preferences but that do affect how decisions
are made.

We apply our theory to a series of surveys of household expenditures
from Canada. The tests of the usual symmetry conditions are rejected for
two person households but not for one person households. We also show
that income pooling is rejected for two person households. We then test for
our collective setting conditions on the couples data. None of the collective
setting restrictions are rejected. We conclude that the collective setting

We thank G. Becker, R. Blundell, F. Bourguignon, I. Ekeland, J. Heckman, G. Laroque, two
referees and the participants at many seminars for comments. The research was supported in
part by the Canadian SSHRC and the Commissariat Général au Plan (DAS 29/1994). The paper
was partly written while Chiappori was visiting the University of Chicago, whose hospitality is
gratefully acknowledged.

McMaster University and the University of Copenhagen.

!CNRS and DELTA, joint research unit (CNRS, ENS, EHESS)
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1. Introduction

When considering household behaviour and welfare it is almost universally as-
sumed that the many person household can be treated as though it has a single
set of goals. The adoption of this 'unitary’ model is very convenient, if only be-
cause standard tools of consumer analysis can then be applied at the household
level. Methodologically, however, it stands on weak grounds. Neo-classical util-
ity theory applies to individuals and not to households'. There is also mounting
empirical evidence that the unitary model does not hold. In particular the funda-
mental observable implication of utility theory - symmetry of the Slutsky matrix
- is regularly rejected on household data (see, for example, Blundell, Pashardes
and Weber (1993) and Browning and Meghir (1991)). Further disquiet is given by
the universal rejection of the 'income pooling’ property of the unitary model; that
is, the implication that the source of household income should not have any effect
on allocations once we condition on total expenditure (see, for instance, Thomas
(1990), Schultz (1990), Bourguignon, Browning, Chiappori and Lechene (1993),
Phipps and Burton (1992) and Lundberg, Pollak and Wales (1995)).These rejec-
tions have either been seen as a rejection of utility theory or have been attributed
to specification problems (inadequate functional forms, inappropriate separability
assumptions, misspecification of the stochastic structure and so on). Thus it has
been concluded either that utility theory is false or that it is untestable.

Our answer to these 'problems’ with neo-classical utility theory is completely
different. We claim that the theory has not been taken seriously enough. We start
from the premise that utility theory does apply, but only to individuals and not to
households. In this paper we present a general characterization of an alternative
model of household behaviour to the unitary model, namely the ’collective’ model
suggested in Chiappori (1988a and 1992). The two assumptions of the collective
model are that each person in the household has his or her own preferences and
that collective decisions are Pareto efficient. Under these assumptions, we exhibit

1Two major contributions have tried to reconcile the unitary model with the fact that house-
holds may consist of more than one decision maker. However, Samuelson’s (1956) idea of a
household welfare function relies upon the ad-hoc idea that the latter (and in particular the
respective weights given to each member’s utility) is independent of prices and incomes. While
Becker’s 'rotten kid’ theorem (see Bergstrom (1989) for a statement) appears sounder, it still
requires transferable preferences and a specific decision process to hoid true.
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a set of theoretical properties that have to be fulfilled by household demands,
and can thus be seen as a generalization to the multi-person setting of Slutsky
symmetry in the unitary framework. We then test the conditions on a sample of
Canadian households.

The idea of explicitly modelling household behaviour as a collective process
can be traced back at least to Becker’s seminal work (see Becker (1991) for a
recent exposition). Also, it has been clear for some time that a multi-person
approach might well (and actually should) lead to violations of the predictions
from the unitary model. For instance, this point is emphasized by Bourguignon
(1984) within a non-cooperative setting and Pollak (1985) using a 'transaction
approach’.

Several models have explicitly modelled intra-household decision making as
a cooperative process. The Nash-bargaining representation of family decisions,
as initiated by Manser and Brown (1980) and McElroy and Horney (1981), is of
particular interest for our present purpose. At the core of this approach are two
interesting ideas. One is that, within a collective framework, household demands
should be sensitive to the intra-household distribution of resources, and more
generally to any environmental variable that may influence the decision process
- say, through a shift in threat points "EEP’s’' in McElroy (1990) terminology,
or 'distribution factors’ in Browning et al (1994)). This has given rise to the
literature on testing for 'income pooling’ that was referenced above. In previous
papers with other co-authors (Bourguignon et al (1993), Browning, Bourguignon,
Chiappori and Lechene (1994) and Bourguignon, Browning and Chiappori (1995))
we contributed to this line of research by investigating what could be learned from
conventional family expenditure data about what goes on inside the household.
In the third paper, in particular, we showed that the collective setting imposes
testable restrictions upon the way in which distribution factors can enter demand
equations; moreover, we investigate the conditions under which the observation
of household demands enables us to identify individual Engel curves and the form
of the decision process. The key point, however, is that this analysis requires only
cross-section variation in the data; that is, we did not exploit any price variation.

More relevant for the present paper is the second intuition put forth in the
Nash-bargaining literature - namely, that the repeated rejections of Slutsky sym-
metry in empirical work may occur because household decisions cannot be crammed
into an overly restrictive unitary framework. This suggest that the case where
price variations can be observed deserves careful investigation. In this framework,
a very natural question arises: can one derive restrictive, testable implications
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of the Nash-bargaining framework upon demand functions, that could be seen as
the counterpart (or, more precisely, the generalization) of Slutsky symmetry and
negativeness in the unitary case? This is precisely the topic of the present paper.

Important as it is, it is fair to say that this question had not receive a convinc-
ing answer so far (see Chiappori (1988b, 1991) and McElroy and Horney (1990)).
One contribution of the present paper is to fill this gap. In what follows, we actu-
ally solve a more general problem - namely, what does the efficiency assumption
alone imply for household demands, and specifically for the form of the Slutsky
matrix?

Though we do not formally justify the efficiency assumption, we do believe that
it has a good deal of intuitive appeal. For one thing, the household is one of the
preeminent examples of a repeated 'game’ so that we feel justified in assuming
that each person knows the preferences of the other people in the household.
Given this symmetry of information and the fact that the game is repeated it
is plausible that agents find mechanisms to support efficient outcomes; as it is
well-known, cooperation often emerges as a long-term equilibrium of repeated
non-cooperative frameworks®. A second point is that efficiency is probably the
most natural generalization to the multi-person setting of utility maximization
in standard models. In particular, the collective model we consider includes the
unitary representation as a (very) special case; hence, the conditions we derive
generalize in a straightforward way Slutsky symmetry - a fact that leads directly to
nested tests. Finally, axiomatic models of bargaining with symmetric information
generally assume efficient outcomes. This is the case, for instance, of all models
developed so far in the Nash-bargaining approach. In other words, the 'collective’
framework we consider in this paper encompasses all cooperative models existing
in this literature. As a consequence, the conditions we shall derive from the
efficiency assumption alone apply, a fortiori, to all these models as well3.

Our main purpose is the derivation of testable implications of the collective
framework. An immediate implication is that we must adopt the least restrictive

2This is not to say, however, that we cannot envision circumstances that would lead to
inefficient outcomes. Clearly, if there is asymmetric information (for example, one partner
can consume some goods without the other partner knowing) then the case for efficiency is
weakened. In the end this is an empirical matter: what does the collective setting imply for
household behaviour and are these predictions rejected by the data? This paper is directed to
these issues.

3The specific concept of Nash-bargaining can actually be viewed as a way of determining
the location of the final outcome in the Pareto set. Whether this particular assumption implies
additional restrictions upon observed behavior is still an open question
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set of assumptions possible. Ideally, the conditions we are looking for should
result from the efficiency axiom only, with no additional (‘auxiliary’) assumption
required. In this spirit, we do not suppose that the econometrician can determine
which goods are private and which public within the household; any commodity
may be either public, or private, or both. Moreover, we do not assume that
the individual consumption of private goods is observable. Similarly, we do not
introduce any particular assumption on individual preferences, except that they
can be represented by conventional utility functions. That is, we allow for intra-
household consumption externalities, altruism, etc..

Despite this explicitly minimalist set of assumptions, we show that one can
make very specific predictions about household behaviour. The principal theo-
retical result of the paper is that although Slutsky symmetry need not hold in
the collective setting, it can be generalized in a straightforward way; namely, the
Slutsky matrix has to be equal to the sum of a symmetric matrix and a rank
one matrix. This strong theoretical property is a consequence of the efficiency
hypothesis alone.

This basic result is presented in Section 2. In section 3 we extend the analysis
in three different directions. The most important of these extensions is to allow
for distribution factors (as alluded to above), formally defined as variables which
do not enter individual utilities directly but that do affect distribution within
the household. It turns out that the collective model implies that there is a
close relationship between the influence of such variables on demand and price
responses.

The second part of the paper is empirical, and is aimed at testing our predic-
tions on household data. From a general viewpoint, the case of price variations
that we consider here has implications for two areas: demand analysis on time se-
ries of family expenditure surveys (for example, the U.K. FES or the U.S. CEX)
and the analysis of labour supply on cross-sections (or panel data) where the
prices that vary across individuals are wages. Although the latter is the more
important application, we have chosen initially to concentrate on the former since
the analysis of labour supply for individuals raises many problems that are less
pressing in the demand case (for example, wages may be non-linear, endogenous
and unobserved for some individuals).

In section 4 we present a flexible parametric demand system and derive the
implications of the predictions of the previous sections for the parameters of this
system. This includes a novel analysis of testing for the rank of a matrix in our
context. In section 5 we present empirical results using the Canadian Family
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Expenditure Survey (FAMEX) data on single person households and households
containing just a married couple. We first show that Slutsky symmetry is not
rejected for singles but it is for couples. To the best of our knowledge this is the
first time that anyone has shown that symmetry is not rejected for singles. We
then go on to test the predictions of the collective setting derived in sections 2 and
3 on the couples data. We do not reject any of these restrictions. This provides
strong, though preliminary, support for our view that the collective model is a
viable alternative to the unitary model. In the concluding section we discuss some
possible areas of future research.

2. Theory - The general case

2.1. The collective setting
2.1.1. Preferences

We consider a two person (A and B) household. Household purchases®* are denoted
by the n-vector q with associated market price vector p. Household demands are
divided between three uses : private consumption by each person, q# and q2,
and public consumption Q. Each good may serve several uses simultaneously®;
public and private consumption vectors are only linked by :

a*+q%+Q=q (2.1)

The household budget constraint is :
p'@*+9°+Q)=pq=1z (2:2)

where z denotes total expenditure.

As said before, we adopt a Beckerian framework in which each member has
her or his own preferences over the goods consumed in the household. Whether
consumption of a particular good by a particular person is, by nature, private,
public or both is irrelevant for our results. Also, each member’s preferences can

‘Formally purchases could include leisure (so that the price vector includes the wages -
or virtual wages for non-participants - of A and B). As already indicated, we shall not be
emphasizing the implications of our results for labour supply. Also, we only consider a static
model, and assume that all goods are non-durables.

3For instance, expenditures on 'telephone services’ includes a public element (the rental) and
a private element (the actual use of telephone).
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depend on both members’ private and public consumption (the 'altruistic’ case
in Bourguignon and Chiappori (1992)); this allows for altruism, but also for ex-
ternalities or any other preference interaction. Our results are consistent with all
possible interactions. We only assume that preferences, defined on (q4,q%,Q),
are 'well-behaved’ in the usual sense :

Axiom 1. Member I’s preferences (I = A, B) can be represented by a utility
function of the form u’(q?,qB, Q) that is strongly concave and twice differentiable
in (q*, q®, Q), and strictly increasing in (q', Q).

Note that we do not impose that u’ (.) is increasing in q” for J not equal to I;
that is, we allow for selfishness or even negative consumption externalities between
members.

2.1.2. The decision process

We now consider the mechanism that the household uses to decide on what to
buy. Note, first, that if the functions u# and u® represent the same preferences
then we are back in the conventional 'unitary’ model; then the common utility
is maximized under the budget constraint. Alternatively, we could assume that
one of the partners can impose her (or his) preferences and use the corresponding
utility function in the traditional way; this also yields a unitary model. But these
are highly specific assumptions. In general, the 'process’ that takes place within
the household is more complex.

As stated in introduction, our approach at this point is axiomatic; we postulate
efficiency, as expressed in the following axiom :

Axiom 2. The outcome of the household decision process is Pareto efficient; that
is, for any price-income bundle (p,z), the consumption vector (q4,q®, Q) chosen
by the household is such that no other vector (§%,§2, Q) in the budget set could
make both members better off.

Following Chiappori (1992), we refer to models that allow for different prefer-
ences with efficiency as the 'collective’ setting. Finally, we add some structure by
assuming the following:

Axiom 3. There exists a differentiable, zero-homogeneous function u(p,z) such
that, for any (p,z), the vectors (q*,qB, Q) are solutions to the program :

muqn(v,r)-uA(qA, q?, Q) + (1 - u(p.2)] +B(q*,q% Q) (2.3)

q4.q%,

7
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p(a®+q®+Q)=z

As it is well-known, any point on the Pareto frontier can be obtained as a
solution to a program of this type (for some well-chosen p). Axiom 3 essentially
postulates that the decision process always has a unique, well-defined outcome;
or, in other terms, that there exists a demand function (and that, in addition,
the latter is continuous and zero-homogeneous). Homogeneity is uncontroversial;
it essentially means that expressing prices and incomes in cents instead of dollars
does not change actual behaviour. The smoothness assumption is standard, and
made for analytical convenience®. Uniqueness, on the other hand, is a real as-
sumption, albeit not an extremely restrictive one. Two points should in particular
be emphasized :

e the assumption is consistent with our general framework, which postulates
efficiency. Indeed, a natural (although not exclusive) justification is that the
members play some cooperative game under symmetric information. In most
cases, this should lead to a unique outcome’. Note, in particular, that all
bargaining models developed in the literature exhibit the same property,
since they are based upon a specific bargaining equilibrium concept (Nash,
Kalai-Smorodinsky,...).

e from an applied viewpoint, assuming the existence of a demand function
does not seem unduly restrictive. To the best of our knowledge, most (if not
all) existing empirical work on demand relies upon a similar assumption.

The ’distribution’ function g summarizes the decision process. Take some
given utility functions u# and u®. Then the budget constraint defines, for any
price-income bundle, a Pareto frontier. From Axiom 2, the final outcome will be
located on this frontier. Then u determines the final location of the demand vector
on this frontier.

6The key point that drives the results is that the set of efficient outcomes is one-dimensional
- a property that is independent of any smoothness (or even uniqueness) assumption. However,
its more natural (and more tractable) development is in terms of (n — 1) dimensional manifolds,
which requires smoothness.

"This is sharp contrast with non cooperative games, or with models of bargaining under
asymetric information - where multiplicity of equilibria is more difficult to rule out. Of course,
such models are in general incompatible not only with the uniqueness assumption, but with
Axiom 2 as well, since the outcome will typically violate efficiency.
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The parameter p has an obvious interpretation as a ’distribution of power’
function. If 4 = 1 then the household behaves as though A always get their way,
whereas if p = 0 it is as though B is the effective dictator. For intermediate
values, the household behaves as though each person has some decision power.
Note that g will generally depend on prices and total expenditures, since these
environmental variables influence the distribution of 'power’ within the household.

Two additional points may be noted at this stage. One is that, in general,
1 may also depend on other factors, such as the individual incomes of the two
partners, or any factor of the household environment that may affect the decision
process ('distribution factors’ in Browning et al (1994)). This idea is explored in
the next section; for the moment, let us first investigate the properties of the basic
model. Also, assume preferences are identical. Then we are back in the unitary
setting and u is not defined. However, we can then use the convention that u =0
(or, as a matter of fact, any other convention).

Any given (demand) function q(p,z) is said to be compatible with collective
rationality if and only if there exist functions q4 (p,z),q? (p,z), Q (p,z), solution
of a program of the type (2.3), such that q (p,z) = q* (p,z) +q2 (p,z) + Q (p.2).
A first property of such functions is given by the following result :

In the following, our goal is to derive additional properties of these functions.

2.1.3. Household utility

The next step is to define what we shall call the household utility function. The
latter will be reminiscent of the unitary setting, but with the difference that it
will depend on u. Formally :

Definition 1. In the collective setting, the household utility function is defined
as :
wf(a,n) = max wu@*a®,Q)+(1-mu’@” qa®,Q)  (24)
subject to
" +q°+Q=q

Clearly, the maximization of the household utility under the budget constraint
will lead to the same demand function as program (2.3) above. Two points must
be stressed here :
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e The household utility function u¥ will depend on prices and income as
soon as p is a function of these variables. So we are in a case of price-
dependant preferences, which explains why the usual results of consumer
theory (Slutsky symmetry etc.) will no longer hold true in the collective
context.

e However, prices and income enter only through the scalar function u. The
same will also be true of any other variable thai affects the decision process
but not prefcrences. This remark will be crucial in the derivation of the
results below.

2.2. Dual representations of the collective program

Given utility functions for thc two people we can define a dual representation of
"household’ preferences. This can be done in two equivalent ways. First, for any g,
define the household indirect utility fuuction V(p, z, u) as the maximand of the
initial optimization problem above :

V(p,z,u) = max put(a?,q®, Q) + (1 - p)uB(q* q% Q) (2.5)

p.(a* +q? + Q) =z
which can also be written as :

V(p,z, 4) = max u(q, p) (2.6)

Pp'q=x

In what follows, let q = f(p, z, u) denote the solution of this program - that is,
the collective counterpart of Marshallian demands; note that f (.) is a function of
u as well.

Now, we know, from the envelope theorem, that:

av(pv u, u')/apl _
oV (p,u,u)/0z

~fi

which is the equivalent, in the collective setting, of Roy’s identity in the unitary
case. This means that, for any constant u, an infinitesimal change in one price,

10
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say dp;, can be 'compensated’ (in the sense that the household utility will not
change) by a change in income exactly equal to dz = g¢;.dp;. Of course, each
member’s utility will, in general, change.

The corresponding expenditure function will be defined as :

E(p.u,u) = min p'(a" +q” +Q) (2.7)

put(q?,q% Q)+ (1 - p)uB@*q?. Q) > u

The analogy with traditional duality theory can in fact be pushed somewhat
further. First, the expenditure function E (.) is linear homogeneous and concave
in p. Also, let h(p, u, ) denote the solution of program (2.7). Note that h(p, u, u)
can be interpreted as a compensated demand function (since it is the demand that
obtains holding household utility constant). It is important to stress, however,
that h (.) is defined as a function of the 'distribution of power’ index u (.) - that
is, 4 must also be kept constant.
Again from the envelope theorem, we have:

OE(p,u, p)

= h;
6p,~ !

Duality between programs implies that :

f(pv E(p, u, “)1 ”’) = h(p' u, /‘)

[t follows that :

ofi  0fi Oh;

- 4 = = =—

dp; Oz 9p;
This is equivalent to Slutsky conditions in the unitary case. In particular, the
matrix ¥ with general term

ai i
O ok
6[)]' oz

Oij = ( qj)

can be interpreted as the partial derivatives of demands with respect to prices,
holding both household utility and the 'distribution of power’ index u constant.

11
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2.3. Restrictions on demands

We now derive our main result, which characterizes the properties of observed
demand functions. What has to be emphasized here is that we never observe
the function f(p,z,u). Indeed, by definition, f(p,z, u) describes how demands
respond to independent variations of p,z and p. But we do not observe such
independent variation. For any given price-income bundle (p, z), the behaviour
we observe corresponds to one specific value of 4 - namely, the value u(p, z) taken
at this point by the specific distribution function that characterizes the household
at stake. In other words, what we actually observe is the demand function §
defined by :
£(p.z) = f(p, 7, u(p, 7))

The question, now, is : which predictions does the collective setting imply for
observed demand functions £(p,z)? A first, elementary property was given in
Proposition ?? above : demands &(p, z) are zero-homogeneous and continuously
differentiable in (p, z) and satisfy adding-up:

p'é(p.z) =1z

Of course, we are interested in deeper and more structural properties. To derive
these, we first define the pseudo-Slutsky matrix associated with £(p, z) as:

S=€,+&.¢€

where £, is the (n x n) Jacobian matrix of partials of £ with respect to p, and
€. the vector of partials of £ with respect to z. In the unitary setting, S would
be symmetric and negative semi-definite. In the collective model, this property
generalizes as follows:

353

The interpretation of this formula goes as follows. Assume that the price of
good j is changed by an infinitesimal amount dp;, the change being compensated
by an increase in income dz = g;.dp;. What will be the effect of this on the
demand for good ¢ ? The formula says that this effect can be decomposed into two
components. One corresponds to a substitution effect : holding both household
utility V and power index u constant, the change in price will induce a reallocation
of consumption, as defined by the corresponding term in matrix X. But, on the
top of this, such a change will also modify u; precisely,

ou O Oou

ou
du = —.dp; + —.dz = (—. .—).dp;
H op; Pt oz z (ap,- +4 Bz) Pi

12
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- hence the v vector. This, in turn, will change consumption of good i by an
amount:
of

dgi = —.d
qi P I

as indicated by the u vector.
A consequence that will be useful in the following is :

Corollary 1. ('SRI1 property’) In the collective setting, the pseudo-Slutsky ma-
trix S is the sum of a symmetric, negative semi-definite matrix ¥ and a matrix R
that has at most rank one.

This SR1 (’symmetric plus rank one’) condition obviously generalizes the unitary
model (since R = 0 in the latter). This property is somewhat reminiscent of
the Diewert-Mantel aggregation restrictions for economies with more goods than
agents; see Shafer and Sonnenschein (1982) for an overview.

A geometric interpretation of SR1 is the following. Remember, first, that for
any given pair of utilities, the budget constraint defines the Pareto frontier as a
function of the price-income bundle; then u determines the location of the final
outcome on the frontier. Assume, now, that prices and income are changed. This
has two consequences. For one thing, the Pareto frontier will move. Keeping u
constant, this would change demand, in a way described by the £ matrix. Note,
however, that this change will not violate Slutsky symmetry; that is, its nature
is not different from the traditional, unitary effect. The second effect is that
p will also change; this will introduce an additional move of demand along the
(new) frontier. This change (as summarized by the R matrix) does violate Slutsky
symmetry: But moves along a one-dimensional manifold are quite restricted. For
instance, the set of price-income bundles that lead to the same u is likely to be
quite large in general; indeed, under our smoothness assumption, it is a (n — 1)-
dimensional manifold. Considering the linear tangent spaces, this means that there
is a whole hyperplane such that, if the (infinitesimal) change in prices and income
belongs to that hyperplane, then no deviation from Slutsky symmetry can be
observed. In other words, the SR1 condition is a direct consequence of the fact
that, in a 2-person household, the Pareto frontier is of dimension 1, whatever the
number of commodities.

2.4. Testing for SR1

How can a property like SR1 be tested ? The result we exploit is that a matrix
S is SR1 if and only if the antisymmetric matrix M = S — S’ is of rank at most

13
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2 (remember that a matrix M is antisymmetric if M’ = —M). A more precise
statement is the following :

Lemma 1. e Let S be some SR1 matrix:
S=%+uv

and assume that S is not symmetric. Then vectors u and v are linearly
independent; the matrix M = S — S’ is of rank 2, and Im(M ) (the subspace
spanned by the columns of M ) is spanned by u and v.

e Conversely, let M be an antisymmetric matrix of rank 2, and let @ and ¥V be
arbitrary independent vectors of Im(M ). There exists a scalar A # 0 such
that M = A(G¥'—vi') = uv'—vu’ where u = A\, v = V . In particular, for
any symmetric matrix ¥, the matrix S = £ + uv’ is such that M = § - §'

What is important for our purpose is that, according to this result, testing for
the collective model amounts to testing for the rank of matrix M = (S - §').
The collective model (with two decision makers) predicts this rank should be at
most two, while it would be zero in the unitary case. This will be crucial in the
empirical sections below.

A final remark is that antisymmetry has specific implications for the rank of
M. These are given by the following Lemmas:

Lemma 2. All thf‘ﬂeigenvalues of an antisymmetric matrix are imaginary. In par-
ticular, an antisymmetric matrix has even rank.

Lemma 3. Let M = (m) be any non zero, antisymmetric matrix, and assume,
without loss of generality, that mo is not equal to 0. Then M has rank 2 if and
only if, for all (i, k) such that k > i > 2,

MyiMo — MM

Mikp =

mi2
Thus the elements of rows 3 to n in M are functions of the elements of the
first two rows (the same is true for columns). Since this characterization only
involves parametric restrictions of the familiar sort it is easy to test. Note that
for an (n x n) matrix this involves (n — 2)(n — 3)/2 restrictions. As a benchmark,
testing for Slutsky symmetry involves n(n — 1)/2 restrictions. So, though Slutsky
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symmetry is of course more restrictive, the number of restrictions is of the same
order when n is large.

Our findings can be summarized in the following proposition, that underlies
the empirical analysis of the next sections :

Proposition 1. Let S denote the pseudo-Slutsky matrix, and let M = S — S’
Then, in the collective setting :

e M has rank zero or two,
e if M has rank zero, the unitary case cannot be ruled out,

e if M has rank 2, then M = uv'—vu’ for two vectors u and v that span
Im(M ). Moreover, for any vector w orthogonal to Im(M) (that is, such that
w'v = w'u = 0), then w'Sw < 0.

Note that these tests have a nested structure. Namely, one can first test whether
the rank of M is more than two, which would reject the collective model altogether.
If it is not rejected, then one can test whether the rank is zero, which would
correspond to the unitary model. The collective model predicts that the rank
should be zero for singles, but may be two for couples.

2.5. How many goods are needed ?

We have just proved that a given household demand function cannot be compatible
with the collective model unless it satisfies the SR1 condition - that is, unless its
Slutsky matrix S is such that M = S — S’ is of rank at most two. Suppose we
observe the household demand for n commodities; what is the minimum value of
n for which this property does in fact imply testable restrictions upon demand
functions ? In other words, how many commodities do we need to test the SR1
property 7
The answer is given by the following Proposition :

Proposition 2. Take any n functions f(p,z), i =1,...,n.
e Ifn < 3 then the corresponding Slutsky matrix S always satisfies SR1.

e Ifn < 4 and if the f'’s are zero homogenous in (p, z) and satisfy adding-up
then the corresponding Slutsky matrix S always satisfies SR1.

The conclusion is that, given the homogeneity assumption above, one needs at
least 5 commodities to test the SR1 property. This has important implications for
modelling labour supply; we discuss this further in the conclusion.
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3. THEORY - EXTENSIONS

In this section we present three extensions to the basic theory of the last section.
The first of these extends the theory to households with more than two members.
The second extension allows for distribution factors; that is, variables that affect
the distribution function p but not preferences directly. The final extension puts
some restrictions on the way prices enter u.

3.1. Many person households.

If there are more then two people in the household then the class of demands
admitted in the collective setting will generally be wider. The exact conditions
are given in the next Proposition (the proof follows that of Proposition 2):

Proposition 3. Assume that the household has k+1 members where k < (n—1).
In the collective setting the Pseudo-Slutsky matrix S is the sum of a symmetric
matrix and a matrix of rank no greater than k (SRk).

Fairly obviously all of the previous analysis goes through with (g;...ux) replacing
p everywhere. This rank condition includes the unitary case and also the two
person collective setting.

One possible field of application is to households with children present. To
illustrate, suppose the child is named C and let u€ (.) be her utility function.
Formally, we can test whether the household behaves as a one, two or three
person decision unit by testing for symmetry, SR1 and SR2 respectively. If we
reject symmetry but not SR1 then it is as though the household is composed of two
decision makers. One obvious choice would be mother and father; this is not to say,
of course, that neither parent cares about the child but simply that the child does
not have a direct influence on the decision making process. They may, however,
have an indirect effect since each parents’ preferences over (qA,qB ,q°, Q) may
take into account the child’s preferences. Other interpretations are also possible:
for example, mother and daughter have the same preferences and father differs.

Identifying intra-household interactions requires more structure than we have
so far imposed (see Bourguignon, Browning and Chiappori (1995) for a discus-
sion in the cross-section case) but even the possibility of determining the effective
number of decision makers in a household leads to interesting issues. For exam-
ple, in the adult equivalence scale literature, statements are often made about the
amount of income needed to make one household as well off as another. Since it
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is people and not households that have welfare this equating of household welfare
is sometimes somewhat murky (but not in all formulations; see, as an exemplary
counter-example, Blackorby and Donaldson (1993)). Within the collective frame-
work we can, of course, define household welfare as being the weighted sums of
particular utilities. Whether or not we actually want to make this identification
between weights that rationalise demands and weights in a social (family) welfare
index is another matter. Knowing that father acts as a dictator and discounts the
welfare of mother and daughter may not lead us to do the same.

In the multi-person household above we restricted the number of members
to be at least two less than the number of goods. The necessary condition in
Proposition 5 is no longer restrictive for k > n — 1, since any n x n matrix can be
written as the sum of a symmetric matrix and a matrix of rank (n — 1). Though
the condition in proposition 5 is only necessary, it is indeed the case that if we have
as many people as goods minus one then the collective setting does not impose
any restrictions on demand, as stated in the following result:

Proposition 4. (Chiappori (1990)). Assume that the household has at least
(n—1) members. For any finite set of prices and demands, one can find preferences
for which observed behaviour is compatible with the collective setting.

The proof relies on known results on aggregate demands for private goods.

3.2. Including distribution factors.

The next extension to the basic model that we discuss in this section is the
inclusion of variables that affect the distribution function u (p,z). The obvious
examples here are the incomes of the two partners but these variables could also
include a host of Extra-Environmental Parameters (EEP’s) to use the terminology
of McElroy (1990). For example, it might be that changes in divorce law or
discrimination against women in the work place have an impact on intra-household
decision making (as they shift power within the household). In defining such
variables it is most important to identify variables that may affect the x function
but that do not affect preferences directly (that is, that do not enter each person’s
utility function). We term such variables distribution factors. We distinguish
such variables from preference factors which are variables that affect preferences
directly®.

8For convenience we assume that there is no overlap between preference and distribution
factors. Thus all variables that affect demands (other than prices and total expenditure) are
partitioned between these two groups.
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To take an example, suppose that it is the case that there are fixed costs of
going to work that are independent of the wage. Then participation in the labour
force could be considered a preference factor and earnings would be a candidate
for a distribution factor since demand should not depend on earnings, once we
condition on total expenditure and labour force participation. Of course, if the
costs of going to work do depend on the wage (for example, high wage jobs require
more expensive clothing or higher travel costs) then we cannot take earnings as a
distribution factor.

We begin with the case of a single distribution factor y, so that g = u(p,z,y).
As already discussed this means that y only enters the household utility function
through the same index as prices and total expenditure: u = u(q,u (p.z,¥))-
Household demands take the form ¢ (q, 4 (p,z,y)). Denoting the gradient of de-
mands to changes in y by ,, we have the following conditions on the way this

factor can affect demands: —— (,;t R }pf oo,
N YA ‘ R U '

-

Proposition 5. Distribution factor linearity. In the collective setting, we
have the following equivalent conditions:

1. the Pseudo-Slutsky matrix takes the form S = I'+£,v' where I is symmetric.

2. £, can be written as a linear combination of the columns of (S — S').

Since S and the vector §, are observable we can use condition (ii) to test for this
restriction. Of course, we can only test for condition (ii) conditional on imposing
SR1 on S; without this (S — S') can have full rank and condition (ii) would be
satisfied trivially.

Proposition 5 is an unusual result since it relates the response to a change
in the distribution factor to price effects 'purged’ of the usual Slutsky symmetry.
Outside the collective setting there is no particular reason why responses to, say,
changes in the relative earnings of the two partners should be related to price
responses. Thus this proposition offers a potentially powerful test of the collective
setting.

Proposition 5 also has an interesting converse. Suppose that we have some
variable y that we are sure would affect demands if the collective model holds
but the unitary model does not hold. If we find that this variable does not
affect demands (that is, £, = 0) then we cannot reject the unitary model. To
illustrate, if there is no effect of relative incomes on demand then it must be
that households behave as though they are maximising a single utility function
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c—

(since T is symmetric). - Of course, this test relies on our maintaining that if
anything is going to affect intra-household allocation but not preferences then it
is relative incomes; if we do not maintain this then this is not a test of the unitary
model (that is, £, being zero is only necessary for the unitary model, it is not .
suffici ).,."Til—is’:;arqaﬂaé/tﬁe tests of the unitary model whiclrtest-for "income
pooling’ (that is, the absence of any effect of incomes on allocation) that have now
been performed by many people (see, for example, Thomas (1990), Bourguignon
et al (1993), Phipps and Burton (1992) and Lundberg et al (1995)).

If we do not observe price variation then the presence of a single distribution
factor does not impose any restrictions on demands (strictly, Engel curves). Intu-
itively, this can be seen by noting that the condition in proposition 5 (ii) requires
an estimate of S which is only identified if we have price variation. Thus proposi-
tion 5 adds to the conditions that are present if we observe price variation. If we
add more distribution factors so that y is now a vector then the collective setting
imposes further restrictions. In Bourguignon et al (1995) the following is proved:

Proposition 6. Distribution factor proportionality. In the collective set-
ting we have: §, = 6;, foralli> 2.

Thus the responses to different distribution factors are co-linear; this is very sim-
ple to test (see Bourguignon et al (1993)). The extra distribution factors do not,
however, impose any more restrictions on the Pseudo-Slutsky matrix S. The
testing of restrictions in proposition 6 constitute an independent series of tests
of the collective model (which can be applied in the non-price context) to those
developed in the previous section. Thus we can test for distribution factor pro-
portionality (proposition 6) and for SR1 (proposition 1) independently. If neither
is rejected then we can test for distribution factor linearity (proposition 5) with
both SR1 and distribution factor proportionality imposed. This is the route we
shall follow in our empirical work below.

3.3. Restricting the dependence of distribution on prices.

We can also impose alternative structure on the distribution function x. For
example, suppose that we restrict prices to enter z only through a known linear
homogeneous price index 7 (p). This assumption smacks of ad hocery but it does
cut down on the way price variation can affect demands a great deal. This case is
particularly interesting if all of the distribution factors are money variables since
in this case we can normalise and make all monetary values real. In addition, we
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can normalize prices and income in the same way. Formally, let P;, X, Y denote
real variables; i.e.,

Di z Y y

b=~ "

We then have p = u (X, Y); moreover, demands can be expressed as functions of
real variables :

. T — £. P z y - £.
Et(p’ 7y) Et (7( (p)a T (p) ) T (P)) £t(P$X‘ Y)

Then we have that :

Proposition 7. If there is only a single distribution factor and p = u(X,Y)
(with the above notations), then the Pseudo-Slutsky matrix takes the form: S =
' + k€,&' where k is a constant.

Since the two components of the outer produci on the right hand side are ob-
servable this gives an imimediate test of the collective model with a known linear
homogeneous price index and a single distribution factor. Note that we need to

know the price index a priori to deflate z and y. The condition given in propo-
sition 7 is a special case of the condition given in proposition 6 above (the vector
v is replaced by k¢).

4. A PARAMETRIC DEMAND SYSTEM

4.1. A quadratic log demand system.

In this section we take a parameterisation for the demand system and derive the
implications of the restrictions imglied by tie collective setting. Our attention
will focus on tests of symmetry and ‘symmetry plus rank one’ (SR1) and the re-
strictions imposed for distribution factors (propositions 5 and 6). When choosing
a demand system it is important to allow for as much flexibility as possible since
tests of symmetry may be biased if the parameterisation is too restrictive a priori.
Thus we start with the Quadratic Almost Ideal Demand System (QUAIDS) of
Banks, Blundell and iewbel (1992)°. This system takes the AI demand system,

9The QUAIDS of Banks et al is not the only generalisation of the AI model that has this
property (see, for example, the quadratic AI model of Fry and Pashardes (1992)) but in the
absence of any evidence that any one of these is better than any other we choose to work with
it.
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which includes a term in log deflated total expenditure, and adds a quadratic
term in log deflated total expenditure to it. Although it might be preferable
to use nonparametric methods these are not yet sufficiently developed to allow
us to estimate multi-equation systems with endogenous right hand side variables
and cross-equation restrictions!®. The parameterisation chosen is, however, very
flexible and admits of different shaped Engel curves even when the integrability
conditions are imposed (formally, it is rank three in the sense of Lewbel (1991) ).
The non-parametric analysis presented in Banks et al (1992) suggests that this
quadratic log system captures all of the significant curvature in Engel curves.

We model the budget share n-vector w as a function of log prices and log total
expenditure. To save on notation we now take p to be the n-vector of log prices
(rather than the vector of levels of prices); as before, we denote total expenditure
as z. The QUAIDS demand system takes the vector form:

(In (z) - a (p))?
b(p)

where , a, B and A are n-vectors of parameters and I' is an n x n matrix of pa-
rameters. In our empirical work below we shall allow these parameters to depend
on demographics but for now we work with just prices and total expenditure. The
price indices a(p) and b(p) are defined as:

w=a+TI'p+B8(n(z)-a(p))+A (4.1)

a(p)=ap+a'p+ %p'l‘p (4.2)
and
b(p) = exp(B'p) (4.3)

Note that 4.1 reduces to the AI model if the A vector is zero. Adding up implies
that a’'e = 1 and B’e = N'e =I''e = 0 where e is an n-vector of ones. Homogeneity
implies that I''e = 0. We shall derive the symmetry restrictions in the next sub-
section.

In all that follows we shall always impose homogeneity!!. Adding up is au-
tomatically implied by the data construction. Thus we drop the last equation
to accommodate adding up and work with homogeneous prices (that is, prices

105ee Brown and Matzkin (1995) for a recent contribution along these lines.

1One of the more encouraging results of moving from testing on aggregate data to micro data
is that homogeneity is not usually rejected. Tests for homogeneity on the data used below (not
reported) also fail to reject.
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divided by the price of the good that is dropped from the system). Then we esti-
mate the parameters of the (n — 1)-vectors (a, 3, A) without their last elements
and the parameters of the (n — 1) x (n — 1) I matrix without its last row and
column. To cut down on notation, we now take n to be the number of goods
minus one and (a, 8, A) and I' to be these reduced vectors and matrices.

We derive the Pseudo-Slutsky matrix for the parameterisation in equation 4.1
using the budget share form:

S = wp + wyw'

where wp, is the n x n Jacobian matrix of partial derivatives of the budget shares
with respect to log prices and wy is the gradient of w with respect to In z. Applying
this to 4.1 to 4.3 we have:
S = B+2X p(C-T")+
-3 (0r255)

2
a':(ﬁﬁ'+ b (p )(Aﬁ +ﬁA)+( b )) AA') (4.4)

where Z = In (z) — a (p). Since all of the parameters in 4.4 are identified from the
system 4.1 we can use this for testing.

4.2. Testing for symmetry and SR1.

We are now in a position to give the necessary and sufficient conditions for sym-
metry and ’symmetry plus rank one’ (SR1) for our parameterisation.

$8$

Thus the matrix of parameters inherits the symmetry and SR1 properties of
S. This makes testing relatively easy; all we need to do is test for parametric
restrictions on the estimated I',using the conditions in Lemma 3.

4.3. Testing for other implications of the collective model.

In the demand system given in 4.1 we conditioned only on prices and total expen-
diture but other observable factors also have an important influence on demand
patterns. Following the distinction made in section 3 we designate these other
variables as either 'preference factors’, z, or 'distribution factors’ y. We include
the preference factors in the conventional way by allowing them to modify the
parameters of the indices a(p) and b(p):
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a(p,z)=ap+a(z)p+ %p’l“p (4.5)
and
b(p,z) = exp (B (2)'p) (4.6)

In our parameterisation we take a (z) and 3 (z) to be linear; that is:
a(z)=a’+a'z +..a"z, (4.7)

where [, is the number of preference factors included in the a (.) term and the
a®’s are n-vectors. Similarly we have:

B(z)=8"+p'2+..8%z, (4.8)

where [5 is not necessarily equal to l,.

Note that in 4.5 we follow most other investigators and assume that the price
response terms are the same for all households within any given strata. It is
important to emphasise, however, that in our empirical work below we stratify
fairly finely and estimate separate demand systems for different strata. Thus
we only impose that price responses are the same within strata and not across
the whole population. In particular, we shall allow the matrix I" to vary across
households of different sizes. In the present context, imposing that I' is the same
across single people and couples would be particularly inappropriate since the
former should have a symmetric [, whereas the latter mnay not (unless the unitary
model holds for couples).

To incorporate the distribution factors we note that propositions 5 and 6 refer
to the derivatives of demand with respect to such factors. Thus it is convenient
to include these in the constant term in 4.1:

(In (z) - a (p,2))*
b(p,z)

where y is an m-vector of distribution factors and © is an n x m matrix of
parameters. We denote the kth. column of © by 6.

The next condition we are interested in testing is the distribution factor pro-
portionality condition given in proposition 6. For our parameterisation this is

w=a(z)+8y+T'p+8(z)(n(z) —a(p,z)) + A (4.9)
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equivalent to © having rank 1. This is most easily tested by testing for the fol-
lowing condition on the columns of ©:

e* = 7,0 for k > 2 (4.10)

If this condition and SRlare not rejected then we can go on to test distribution
factor linearity (see proposition 5). This states that the (observable) vector of the
derivatives of demand with respect to the factor y be a linear combination of the
first two columns of the matrix M. Denoting the ith. column of A/ as M* we
have the following joint test for distribution factor proportionality and linearity:

9=(M1 MQ)*(:\\;:)where‘rz(l T . .. Tm) (4.11)
This restriction has m(n — 2) — 1 degrees of freedom.

In this section we have presented a flexible demand system (4.9) and a series
of tests of conditions implied by the unitary and collective model. These are tests
for 'symmetry’ and 'symmetry plus rank 1’; 'distribution factor proportionality’
and 'distribution factor linearity and proportionality’. We turn now to testing
these conditions on individual household data.

5. EVIDENCE FROM THE CANADIAN FAMEX

5.1. A description of the data.

To test and estimate the collective model we need several features in the data.
First, we of course need information on (household) demands; thus we have to
use household data. We also need enough price variation to allow us to estimate
the price responses reliably. This already rules out many data sets since this re-
quires either a long time series of cross sections or a shorter time series with some
observable cross-section price dispersion within the period. Finally we need reli-
able information on the individual incomes of the members of the household since
these will be our prime candidates for distribution factors. We use the Canadian
Family Expenditure Survey (FAMEX) which is a survey of annual purchases by
households (see the Data Appendix for details). The FAMEX is not run every
year; here we use the surveys for the years 1974, 1978, 1982, 1984, 1986, 1990
and 1992'2. If intertemporal variation was the only source of relative price vari-
ation then this would not be enough years to estimate price effects; fortunately,

12These are all publicly available. The only other public use tape available is for 1969. We
do not use the 1969 data since the price data associated with them are unreliable.
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however, there is also significant price variation within Canada (due to different
provincial tax rates and transport costs) so that we can estimate reliable price
responses even when we allow for cross-country taste differences.

We consider only single males; single females and couples with no one else in
the household. Our primary interest is in many person households but the singles
are an important control for at least two reasons. First, the demands for singles
should satisfy the usual Slutsky conditions. If they do not, then it plausible that
the usual rejections of the integrability conditions is due to something other than
inappropriate aggregation across household members. Second, for singles we can
test for the presence of different variables in demands and use this analysis in the
framing of the specification for couples. For example, we find that we can exclude
income from the demands for singles; this justifies taking household income and
individual incomes as instruments for the unitary model for couples!3.

For couples we model the demand for eight non-durables: food at home; food
outside the home; household operations (sometimes referred to as services); men’s
clothing; women'’s clothing; transport (excluding the purchase of vehicles); recre-
ation and vices (tobacco and alcohol). For singles we model one less good since
purchases of women’s (men’s) clothing by single men (respectively, women) are
not recorded. Precise details of sample selection and variable construction and
description are given in the Data Appendix. One notable feature of these data is
that since the FAMEX is a survey of annual purchases there are far fewer zeros
for goods such as clothing, vices and eating out than one finds in surveys based
on short diaries.

We assume that the preferences for these goods are separable from all other
goods except labour force status, car ownership and home ownership. We allow for
non-separabilities between goods and leisure by conditioning on labour force status
(see Browning and Meghir (1991)); specifically , we select on all agents being in
full time employment (defined as at least 48 weeks of full time work in the survey
year). We allow for the dependence of demands on car and home ownership by
including dummy variables for these in our set of preference factors. Two issues
arise here. First, demands may not be exogenous to these choices (or even to the
selection on being single or married with no one else in the household). We shall

13A referee has suggested that this may not be valid if, for example, one person responds
to the survey in the two person household and he or she systematically mis-reports the other
person’s expenditures and income and these reporting errors are correlated. Although the income
information in our data is unusually reliable (see the Data Appendix) this remains a possibility
that it is difficult to control for without information on who responds to the survey.
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simply assume that they are (primarily for want of decent instruments) but this is
an important area for future work. The second issue is that home ownership and
labour force status may be distribution factors. As discussed above we partition
demographics and income variables between preference factors and distribution
factors. We do this since, as can be seen from the specification in equation 4.9
we cannot separately identify the parameters for a variable that enters one or
other of the utility functions and the distribution function. Thus we choose to
treat all variables that enter the demands for singles (in particular, car and home
ownership and labour force status) as preference factors for couples. The issue of
which demographics enter the distribution function assumes a larger importance
when we come to identifying 'who gets what’ in the household; once again this
left for future work.

5.2. Econometric issues.

Before presenting estimates of the parameters of equation 4.9 we have to address
some econometric issues. First, we must allow for unobservable heterogeneity.
Although it would be desirable to derive the stochastic formulation by allowing for
heterogeneity in each partners preferences and the distribution function we follow
usual practice and simply add a (heteroscadestic) error term to each equation.
We also allow for the possible endogeneity of total expenditure. Since the tests
of the validity of these instruments plays an important role in what follows we
present a preliminary discussion here; the precise details of included and excluded
variables is given below. The usual reason for assuming that total expenditure
might be endogenous in a demand system is that unusually high (or low) expen-
diture on one good by a particular household will affect both the error for that
household and total expenditure; thus infrequency (or lumpiness of purchases)
will induce a correlation between total expenditure and the errors in the system.
Measurement error for individual expenditures also induccs such a correlation.
The usual instrument suggested to correct for this is net income. This is corre-
lated with total expenditure but is usually assumed to be uncorrelated with any
infrequency of purchase or measurement error. The critical point here is that
within the unitary model, income should not affect demand once we condition on
total expenditure. Thus it should be excluded from the right hand side of the
system and is available as an instrument. The same applies to the individual in-
comes of the two members in the couples households. We shall return to this issue
in the next sub-section in which we present a detailed account of our empirical
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specification.

The final difficulty in estimating equation 4.9 is thal it is nc..-.inear. Note,
however, that if we have estimates of the indices a(p, z) and b(p, z) in 4.5 and 4.6
then we can estimate 4.9 as a system of linear equations. The obvious estimates
of a(.) and b(.) to use are the values constructed using estimates of the a, I" and
B in the definitions of these indices. These in turn can be derived from estimates
of the system. Thus we only need starting estimates of the a(.) and b(.) indices;
we use a Stone price index for the linear homogeneous a(.) and unity for the zero
homogeneous b(.)!*. This ’iterated moment’ estimator is discussed more fully in
Browning and Meghir (1991) and Blundell and Robin (1992). In practice, it works
well and usually converges after three or four iterations. The only parameter that
cannot be estimated in this way is ap in the a(.) index; although it is formally
identified, it is not well-determined and the final results are insensitive to the
value of this parameter so we simply hold it constant in all that follows.

The tests of the conditions given in the last section are all performed using
minimum chi-squared methods (see Browning and Meghir (1991) for an account of
min-x?2 tests in this context). Thus we first estimate the parameters and covariance
matrix of the parameters of the system 4.9 with no restrictions using conventional
GMM methods; denote these by ¢ and C respectively. Then we impose the
restrictions by solving:

min (¢ = f (1))’ C™" (¢ = f (1)) (5.1)

where f(n) is the mapping from the restricted parameters 7 to the unrestricted
parameters ¢ . The value of this minimand gives the x? statistic for the restriction.
The covariance matrix for the restricted parameter estimates is given by (F'CF)™!
where F is the Jacobian of f (.) evaluated at 7j, the vector that minimises 5.1.

5.3. The unitary model.

We first present a conventional demand analysis for the three strata (couples,
single females, single males). That is, an analysis assuming that the unitary
model holds for all households. The purpose of this is to illustrate some of the
problems that motivated the analysis presented in this paper. To do this we
estimate the parameters of the system given in 4.9 without the © matrix.

4We tried very many other starting values; in all cases the system converged to the same
estimates.
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For the singles we include 13 preference variables in the a (.) index (that is, I, in
4.7 equals 13). These are dummies for four regions of residence (Atlantic region;
Quebec; Prairies and British Columbia with Ontario as the excluded region),
car ownership, home ownership, living in a city, having more than high school
education, white collar occupation, the respondent’s mother tongue being French,
the respondent’s mother tongue being something other than French or English as
well as age and age squared. We also allow for two variables in the b(.) index:
car ownership and home ownership (this choice is the result of a preliminary
investigation which is not reported here). This gives 24 parameters per equation
(the intercepts and variables in the a (.) and b(.) indices, the six homogeneous
prices and the A parameter).

The instruments for the singles are the intercept; the 13 preference factors
included in the a(.) index; the six log homogeneous prices; the log (absolute)
price of the numeraire good and log net income; log net income squared and log
net income crossed with the car and home ownership dummies. The absolute price
of the numeraire good can be excluded from the demand system if homogeneity is
maintained and it should also be correlated with total expenditure if agents are at
all sensitive to real interest rates. As to the income variables: as discussed above,
in a unitary model income should not affect demands once we condition on total
expenditure but it is obviously correlated with total expenditure. One objection
to this is that preferences may be correlated with demand if, for example, higher
paid jobs require more expensive clothing. In this case we would expect to see
that higher paid individuals have a higher budget share for clothing than lower
paid individuals with the same total expenditure. This is entirely plausible, but
it is also testable since we have one over-identifying restriction per equation for a
total of six degrees of freedom for the system!®.

For couples we include 15 preference factors in the a (.) index; this is the end
result of some preliminary analysis which excluded some variables (such as the
wife’s language) which were found to be wholly 'insignificant’ everywhere. We
include 12 dummy variables and 3 continuous variables. The dummies are for:
region of residence (four dummies, as for the singles); home ownership; living in
a city; car ownership ; the husband having more than high school education; the
husband having a white collar job; the wife having a white collar job and the
husband’s two language options . The three continuous variables are the age and
age squared of the husband and the age of the wife. For the preference factors

150n the other hand, if the excluded absolute price of the numeriare does not have much
explanatory power then this test is not very powerful.
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in the b(.) index, we include the same variables as for singles, that is, dummy
variables for car and home ownership. Thus we have 27 parameters per equation
(recall that we have one more (clothing) good for couples and hence one extra
price).

The instrument set for total expenditure for the couples sample includes the
15 variables included in the a (.) index; the seven log homogeneous prices; the log
absolute price of the numeraire good and a set of income variables. The specific
income variables we use in the instrument set are also the result of a preliminary .
investigation which is not reported here. The main criterion for inclusion in the
instrument set is that we do not want to include variables that have little explana-
tory power in the auxiliary equation since this simply reduces the power of the
over-identifying test. In all we use six income variables: log (real) net household
income; the square of log net income; log net income crossed with dummies for
car ownership and home ownership; the log of the wife’'s gross earnings and the
log of the husband’s earnings. In all we have 30 instruments per equation (the
intercept, fifteen preference factors; seven log homogeneous prices; the log price of
the numeraire good and the six income variables). This give four over-identifying
restrictions per equation and a total of 24 degrees of freedom for the six good
system.

To save on space we do not present the full set of parameter estimates here'®;
rather, in Table 1 we present the tests for symmetry and for the validity of the
over-identifying restrictions for our three strata.

| Table 1. Tests of the unitary model restrictions. ]

SINGLE FEMALES | SINGLE MALES | COUPLES
Test for: # = 2173 # = 2044 # = 2428
1.9 6.69 41.8
Overidentification (6) (6) (21)
[92.6%) [35.1%) [0.54%]
11.1 174 494
Symmetry (15) (15) (21)
(74.7%)  [29.7%) [0.05%]

| Note: x? test statistic; (degrees of freedom); [probability under the null]. |

The results for the two single strata do not display any signs of misspecification; it
seems that the singles data are consistent with the unitary model (or at least the

161 the Appendix we present estimates for the collective model for the couples sample; all
detailed results are available on request to the authors.
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implications of symmetry and the exclusion of income). The results for couples are
representative of the results usually presented in the literature on demand analysis
on micro data: the symmetry and the over-identifying restrictions are both re-
jected at conventional sizes. One reaction to this is to adjust significance levels so
that we do not interpret these test statistics as indicating rejection. For example, if
we use a 'Schwarz’ critical level of (degrees of freedom * In (sample size)) = 163.7
for both the tests given here, then we would conclude that the unitary model is, a
posteriori, the more likely. Under this interpretation there are no problems with
the application of the unitary model to household data. The converse view (which
is the one we take) is that the restrictions are suspect and that we cannot neces-
sarily apply the unitary model to two person households. We now turn to testing
the implications of our proposed alternative for couples, the collective model.

5.4. The collective model.

The results presented in Table 1 suggest that there are some problems with im-
posing the unitary model on the couples data that do not appear for singles. Thus
we now estimate the collective model for couples. To do this we include two extra
variables on the right hand side of the demand equations: the log of the wife’s
earnings minus the log of the husband’s income (’the income difference’) and the
wife’s gross income, see 4.9. We present the parameter estimates for the unre-
stricted demand system in Table 2; the tests of particular interest are presented
in Table 3.

As can be seen, the test for the over-identifying restrictions is much improved;
thus it seems that the individual incomes should be included in the demand sys-
tem. The next row of Table 3 presents direct evidence on this: this is a test for
excluding the two income measures from the system (see Table 2 for the individual
estimates). We conclude that individual incomes are important in the demands
of couples. Referring back to Table 1 we see that this is not the case for singles
since income is one of the excluded variables used to identify the model and the
over-identification restrictions are not rejected for singles.
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[ Table 3: Tests of the collective model restrictions. '
Test for:
12.2
Over-identification. (7
[9.3%)
Exclusion of the 25.9
individual income (14)
variables. [2.7%]
42.0
Symmetry. (21)
[0.41%]
10.0
SR1. (10)
[44.3%]
Distribution factor 7.7
proportionality. (6)
[26.0]
SR1, distribution 274
factor proportionality (21)
and linearity. [15.7%)]

The next two rows in Table 3 test for symmetry and 'symmetry plus rank
one’. Comparing the test statistics for symmetry in Tables 1 and 2 we see that
adding the individual income variables decreases the test statistic a little but not
to the point where we would not reject symmetry at conventional levels of signifi-
cance. The SR1 condition, however, is not rejected. Thus the price responses are
consistent with the collective model.

The next row presents the test for distribution factor proportionality. As
already discussed this restriction is independent of the test for SR1. The pro-
portionality test does not reject. Finally, then, we can go on to testing for SR1,
distribution factor proportionality and distribution factor linearity together, see
the final row of Table 3. As can be seen these restrictions are not rejected . We
conclude that the data are consistent with the collective setting.

5.5. Substantive implications of the parameter estimates.

Although the foregoing analysis indicates that we do need to weaken the unitary
model for two person households it is not so clear that this has any strong im-
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plications for the values that we are usually concerned with in demand models.
Specifically, what happens to total expenditure and own price elasticities if we
impose the various restrictions given by the unitary and collective models? In
our investigation of this, we shall impose one further restriction on our estimates
of the collective model. This restriction is that it is only the difference in log
earnings that enters the sharing function. This is a very natural assumption to
test for in this context. The x2(1) value that the proportionality factor in the
collective-restricted model (the last row of Table 3) is zero is 1.03; thus we can
reject the hypothesis that the wife’'s income has a role to play over and above its
effect on the differences in incomes. In all that follows we shall compare the un-
restricted unitary model with the unrestricted collective model with two sharing
factors (see Table 2) and the restricted collective model with only the difference
in log income (see Table 4).

Before comparing the predictions from the different models we examine how
demands change as the income share of the wife changes. Referring to Table
4, we see that an increase in the wife's share of income (holding everything else
constant) significantly increases the demand for women'’s clothing and significantly
decreases the demand for men’s clothing and food at home. If we increase the
wife's share of income from 10% to 90% (both values are within the range of our
data) then the share for food at home falls from 19.5% to 17.2%; women’s clothing
rises from 6.2% to 7.8% and men’s clothing falls from 5.5% to 4.7%. Although not
significant, such a change also gives a fall in the vices budget share from 8.65%
to 7.5% and a rise in the budget share for food outside the home from 10.7% to
12%.

In Tables 5 and 6 we present estimates of total expenditure elasticities and
own price elasticities for three different models: the unrestricted unitary model;
the unrestricted collective model with two sharing factors and the collective model
with the full collective restrictions and only one sharing factor. These are eval-
uated for a car and home owning, English speaking couple living in a city in
Ontario, both of whom are aged 40 and are in white collar work. We set total
expenditure equal to median total expenditure!” and the differences in earnings
to zero.

Table 5 presents expenditure elasticities for the three different models. The
most dramatic across columns is that when we include the earnings variables in
the demands (column 1 to column 2), the expenditure elasticity for fooa at home

"Much the same qualitative results emerge at other points of the total expenditure
distribution.
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becomes negative. This is a real surprise even though the earnings variables are
highly correlated with total expenditure and might be expected to have a sizable
impact on expenditure elasticities. On the other hand, once we impose the full
collective conditions the expenditure elasticity for food at home becomes positive
(albeit 'insignificant’). This pattern that the full collective elasticities are closer
to the unrestricted unitary estimates than they are to the unrestricted collective
estimates is also seen in other goods, notably recreation and vices'®. Referring
to Table 2 we see that the wife’s earnings are most 'significant’ for food at home,
receration and vices - it is this that gives the variations across the three columns.

The estimates of own price elasticities given in Table 6 also have the pattern
that the estimates (and standard errors) from the restricted collective model are
close to those for the unrestricted unitary model. Once again, imposing the col-
lective restrictions gives somewhat different elasticity estimates for food at home,
recreation and vices. Generally, then, we see that estimates of elasticities from
the unitary model are not very different to those from the collective-restricted
model. The principal differences are in the predictions concerning the effects of
the intra-household distribution of earnings on demands.

6. CONCLUSIONS

In the above we presented a general characterisation of the collective model. We
showed that the collective model can be completely captured by using a household
utility function u (.) that depends on household purchases q and a distribution
index u. If the latter is a constant then we have the usual unitary model. Gen-
erally, however, the function u(.) depends on prices p, total expenditure z and
distribution factors y. The fact that all non-preference influences have to act
through this index puts strong restrictions on household behaviour. In sections 2
and 3 we presented these restrictions.

In the empirical section we estimated the parameters of a demand system
and then tested for some of the predictions of the unitary and collective models.
Although we made minimal assumptions in the theory section we necessarily had
to make stronger assumptions in this empirical work. For example, we have
assumed that preferences over the non-durables modelled are separable from other
goods (except for leisure and the ownership of a house or car). We have also
assumed that the labour supply decision is exogenous for the demand system.

18This is not because of the exclusion of one the eamnings variables; similar results hold for
the restricted collective model with two sharing factors.
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More fundamentally, we have assumed that the marriage decision is given; that
is we do not control for selection in to couples or singles. Conditional on these
reservations the results are unambiguous: the predictions of the unitary model are
not rejected for single people but they are rejected for couples. The predictions
of the collective model are not rejected by the data for couples. This encourages
us that the collective setting is worth further investigation.

As mentioned in the introduction, one of the other important areas where the
results presented here can be applied directly is to the joint labour supply decision
of husband and wife. The theoretical results presented in section 2 and 3 have
implications for such work on cross-sectional data. Since there is no cross-section
variation in prices for goods we can only define a single composite commodity,
consumption, and then analyse the three 'good’ system for male and female labour
supply and consumption. The cross-section variation in wages gives the (relative)
'price’ variation that we have exploited in this paper. Referring back to the dis-
cussion following proposition 2, however, we see that without further restrictions,
the collective setting does not have any implications for price responses in a three
good model. Any Slutsky responses in a three good model are consistent with
the collective setting. Thus the factor proportionality restrictions (see proposi-
tion 6) are the only restrictions that the collective model imposes in this context
(see also Chiappori (1990)). Additional restrictions may be derived, but only un-
der additional assumptions, typically, privateness of leisure and consumption and
restrictions on preferences (see, for example, Chiappori (1988, 1992)). » - {

The power of thinking about the collective model in terms of a distribution
function is shown by the ease with which we derived the results in sections 2
and 3. Just as importantly, this way of looking at things is likely to facilitate
future work that undertakes more structural analyses of household behaviour.
In particular, there are important decisions that individuals make that pre-date
the allocation decisions within marriage. This obviously includes the marriage
decision itself but also education and human capital decisions. If the collective
setting is indeed appropriate for decision making once a union is formed then the
distribution function is a useful 'sufficient statistic’ for the importance of these
earlier decisions in the division of the gains to marriage.

It may also be the case that assuming the collective setting allows a more
precise determination of empirical effects. To give an example, suppose that it is
posited that changes in law governing the division of assets on divorce leads to
shifts in 'power’ within the household. If we have households that are observed in
different policy regimes then it may be possible to incorporate a variable capturing
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these differences in environment in the distribution function. The fact that reac-
tions to this variable are closely related to reactions to other distribution factors
and to price effects means that we may be able to determine the effects of such
changes more precisely. Of course, this gain in precision comes at the expense of
maintaining the collective model but we regard this as being acceptable given the
foregoing.

Another area that deserves systematic exploration is the use of the distribu-
tion function in the analysis of intra-household welfare. Once we accept that
households do not have a single welfare index we need to allow for differences in
distribution within the household. It is likely that any such extensions that main-
tain the collective setting will use the distribution function even though at present
it is unclear how this will be achieved since the distribution function depends on
the normalisation of the utility functions used.

As emphasised in the introduction we regard the collective setting as a tractable
and plausible next step in the analysis of the behaviour and welfare of many per-
son households. The implications of the collective model are significantly weaker
than those of the unitary model but not so weak as to impose no restrictions on
observables In this paper we have restricted attention to demand behaviour but
it is clear that the collective framework can be extended to the analysis of labour
supply; fertility; savings; portfolio choice and other areas of household behaviour.

A. Proofs.

Proof. Proposition 77 .

Just note that the maximand in (2.3) is differentiable in (p,z) and differentiable
and strongly concave in (q4, q&, Q), while the program itself is zero homogeneous.
]

Proof. Proposition 77

Since ¢ (p,z) = f(p,z,1(p,z)) we have: S = & +€x8' = fp +
fupp + (B + fupx)f = (fp + fxf') + fu(up + pxf)’. Since f(p, z, 4)
is a conventional uncompensated demand function for fixed p, this
gives I' = (fp + fif’) is symmetric and negative semi-definite. De-
noting u = f, and v = (pp + pxf) we have the result given in the
proposition. B

Proof. Lemma 1
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If S = £ + uv’ (where ¥ is symmetric) is not symmetric then u and
v are linearly independent, otherwise S = £ + uv' = £ + Avv’ for
some A and hence S is symmetric. Thus M = S — S’ = uv'—vu/, the
difference of the outer product of two linearly independent vectors and
hence M has rank 2. Finally let w be in the image space of M; that
is, for some z we have w =Mz = (uv'—vu')w = (v'w)u — (u'w)v and
hence w is a linear combination of u and v.

Conversely, take any antisymmetric matrix M of rank 2. Rank 2
implies that M = ab’ + cd’ for some vectors a, b, c,d; then anti-
symmetry requires that M = ab’ — ba' where, as above, a and b
belong to Im M. Since the latter is of dimension 2, any two vectors @
and v can be written as :

i = aa+f0b

vV = 7a+ 6b

Then

av'—va' = (a§ — 67) (ab’—ba’)
Here, aé — vy # 0, for otherwise i and v would be colinear. For
A= 0—5{?, we have that M = ab’ — ba' = A (av/'-va') B
Proof. Lemma 2.
Let X be an arbitrary eigenvalue, ) its conjugate, and z (resp. z) the
corresponding eigenvectors :

Mz=Xze M:i=2Az

Then i
Mz =)'z = (M'z2)'2 = =)#'2

Since 'z = ||z]|® # 0, we have that A = —) and A is imaginary.
Since imaginary roots come by conjugate pairs, the number of non
zero eigenvalues must be even. B

Proof. Lemma 3

Let M be an antisymmetric matrix with m;2 not equal to 0. This
implies that M has at least rank 2 and the first two rows of M are
linearly independent.
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If M has rank 2 then the i th row of M can be written m* = nm!+xm?2.

Since M is antisymmetric we have m;3 = —mj; and mg3 = —m3 so
that = = —ﬁf; and Kk = "%ﬂ" This gives myx = Tmy + kmog =

Bum=Mumifor all (1, k) such that k > i > 2.

Conversely, if the relationship given in the lemma holds then we can
. ) . z_
write row ¢ for i > 2 as '—"Jﬂﬂ—m—l;—'mﬂl and hence M hasrank 2. B

Proof. Proposition 1.

Only the final statement is new. But for any vector w orthogonal
to Im(M), we have w'Sw = w'Ew < 0, since ¥ is negative semi-
definite. B

Proof. Proposition 2.

iFrom Lemma 1, S satisfies SR1iff M = S —~ S’ is of rank zero or two.
But M is antisymmetric; from Lemma 2, its rank must be even. It
follows that, if n < 3, the (n x n) matrix M cannot be of rank more
than two, so that SR1 is fulfilled.

Assume, now, that n = 4. Then M can be of rank zero, two or four.
But homogeneity plus adding-up implies that M.p = 0, so that M
cannot be of full rank. Hence, it can only be of rank zero or two and
SR1 is fulfilled. B

Proof. Proposition 5

1. From the proof of proposition ?? we have that S = L +f,(up+uxq)’.
From & (p, z,y) = f (p, z, u (p, 2,y)) we have §, (p, z,y) = fupy. Thus

S=X+&,(rp+ nxq) (,%y) =L +€,v.

2. If M = S — S' has rank 2 then &, and v in part 1 are linearly
independent. Take any vector w that is orthogonal to £, but not to
v. Then Mw = £ v'w so that £, is in the column space of M. B

Proof. Proposition 6

(From EM(P,-T,UI-yZ--ym) =f(p,z,p(p T,91,Y2...ym)) We have §, =
fI“'sln = ﬁ:elh' u

Proof. Proposition 7

Consider the vector v in Proposition 2 as a function of (P, X,Y).

Then since 5@,‘% =0, v is colinear to £&. B
b
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Proof. Proposition 77

iFrom equation 4.4 we have that S takes the form S = T+R(I'-I")+X
where the matrix R :% (ﬂ + 2A£p-)) p’ and X is symmetric.

If S is SR1 for all (p,z) then set prices equal to unity so that p = 0
and R =0. Then S =T + Z, which implies that I" is SR1.

Conversely, if I" is SR1 then we can writeit asI' = £* + uv’ where X*
is symmetric. Then:

M =S5-S"= (I -R)(uv' - vu') — (uv' — vu’)R’. Since R has at
most rank 1, (uv' — vu')R’ has at most rank 1. Thus M is the sum
of matrices with at most rank 2 and 1 respectively so that it has at
most rank 3. Since it is antisymmetric, by lemma 2 it has rank 0 or
2, consequently S is SR1, from lemma 1. B

-

B. Data Appendix. )

The Canadian FAMEX is a multistaged stratified clustered survey that collects
information on annual expenditures, incomes, labour supply and demographics for
individual households. The survey is run in the Spring after the survey year (that
is, the information for 1978 was collected in Spring 1979). All of the information is
collected by interview so that the expenditure and income data are subject to recall
bias. Although this may give rise to problems, the FAMEX surveying method
has the great advantage that information on annual expenditures is collected.
Thus the FAMEX has much less problem with infrequency bias than do surveys
based on short diaries. For example, the proportion of households reporting zero
expenditure on clothing is about 3% in the FAMEX whereas it is over 50% in the
U.K. FES. It is also the case that since the survey year coincides with the tax year
(January to December) the income information is thought to be unusually reliable
since it is collected at about the time that Canadians are filing their (individual)
tax returns. These are often explicitly referenced by the enumerators.

Prices are taken from Statistics Canada. When composite commodities are
created, the new composite commodity price is the weighted geometric mean of the
component prices with budget shares averaged across the strata (couples, single
males and single females) for weights. Thus, the weights are not the individual
household budget shares.

Table D1 gives the sample selection path followed; the principal selection is
on all agents being in full-time employment and under the age of 65. As well, we
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select on the education level being observed, net household income being positive
and, for couples, gross earnings being above $2981 (in 1992 terms) (see "reasonable
earnings” in the Table). Finally, in 1978 expenditures on recreational vehicles are
not given separately from other spending on recreation. This lead to a small
number of very high values for the latter in 1978; these have been deleted (see
"reasonable expenditures” in the Table).

Table D1: Sample selection

Single females | Single males | Couples

Full sample 7,343 4,653 12,237
In full-time employment 2,229 2,084 2,512
Age < 65 2,179 2,052 2,458
Incomes positive 2,179 2,051 2,449
Education level given 2,173 2,048 2,442
Reasonable expenditures 2,173 2,044 2,440
Reasonable earnings 2,173 2,044 2,428

| Sample years: 1974, 1978, 1982, 1984, 1986, 1990, 1992. |

Experiments were also made with 'cleaner’ samples than those reported (for ex-
ample, households with very low net incomes or high budget shares for some goods
were excluded). In no case were the qualitative results different.

The next two Tables present sample means and other statistics for all of the
variables used in the analysis (except for the homogeneous prices).

—— “TABLE D2. DESCRIPTION OF BUDGET SHARES AND INCOMES. ]
[ 1 COUPLES SINGLE FEMALES SINGLE MALES )
{_BUDGET SHARES ] MEAN | _# 2EROS E # ZEROS | MEAN | # ZEROS ]
‘ AT HOM 202 1 205 15 174 37
FOOD OUTSIDE (E) 104 27 104 74 148 58
MEN'S CLOTHING (M) .054 14 0 2,173 .085 23
" WOMEN'S GLOTHING (W) 084 5 149 3 ) 7,044
mﬁm 135 T 169 (] 101 T
RECREATION iﬁ[ .107 10 .0 46 123 33
— TRANSPORT (T) 345 9 209 11 247 21
VICES (V) 078 79 7065 266 122 121
™M [ STD. DEV__ | MEAN | STD. DEV. | MEAN | STD_DEV_]
[ TOTAL EXPENDITURE® 73,815 8,501 12,162 5,004 16,027 6,357
[ HASLD NET INCOME” 58,324 10343 76,0 10,101 31,478 14,197
GROSS NGS B.) | 41,262 30,015 - -
GROSS E. S (WIFE)* | 29,318 13,201 B -
AN | RANGE AN RANGE | MEAN RANGE ]
PRICE OF VICES 0.53 0.175-1.04 0.52 0.175-1.04 0.54 0.175-1.04 ]

All values in 1992 Canadian dollars ($1 Canadian ~ $0.756 U.S. ~ £0.50 UK.). ]
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C TABLE D3: MEANS OF DEMOGRAPHIC VARIABLES |
[ [ COUPLES | SINGLE FEMALES | SINGLE MALES ]

— ATLARTIC B
UEBEC 192 .188 16!
PhﬂﬁT:s 204 “320 312
B.C. 103 100 131
— CAR OWNER 049 634 773
{  HOMEOWNER ~645 278 “281
— CITYDWELLER 810 “845 811
ACE® 373 — 35.6 38.6
M AN HIGH SCHOO ~190 174 '226
FRANGOPHONE® 196 ~187 172
ALLOGPRONE® 112 ~095_ 113
L. "376 . 406 .376
—_AGE OF WITE 35.0 - 5
[ WIFE WHITE COLLAR 345 . s
¥ Refers to husband for couples.
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C. Tables.

[ Table Al. Faramaeter estimates for collective model. ]
C_Auee 1 F ] W T R ] E M wW_T VvV ]
[ INTERCEP | 173.33 | 117.33 | -T7.78 | -31.54 -0.14 -28.06 | 108.81
(79.38) | (59.48) | (59.68) | (46.15) | (27.08) | (31.43) | (53.93
[—ATCANTIC | -0.19 058 T30 | o037 0.93 .34 o.
(0.88) (0.48) 0.79 (0.68) (0.33) (0.47) (0.71)

QUEBEC 1.59 -0.50 0.7 0.34 042 0.07 -0.40
(0.91) 0.55) | (082) | (0.69) | (0.36) | (0.50) | (0.73)

| PRAIRIES -0.78 0.67 0.12 0.97 -0.66 0.40 2271
(0.89) 0.56) | (0.85) 072) | (041) | (055) | (0.72)

B.C. -T.41 -0.32 | 1.09 2.31 -0.72 0.56 22

(0.94) (0.51 (0.88) 0.711) | (0.36) (0.54) (0.75)
— CAR-OWNE | -26.29 113'3 -18.21 19.55 15.16 10.27 ~25.39
31.45) | (16.36) | (18.00) | (18.38) | (11.42) | (12.37) | (21.01)

mnj 93 0.55 -29.03 17.77 0.23 3.09 -0.28
(1254) | (6.79) | (oe6) | (886) | (4.62) | (5.86)

(9.53)
CITY-DWE 0.27 -0.70 -1.04 1.70 026 -0.32 0.06
(0.49) (0.26) (0.46) (0.34) (0.18) (0.25) (0.37

| HUSBANDS 4.02 0.87 282 -3.32 1.21 0.71 2.81
(4.44) (3.03) (4.06) (3.27) | (2.12) (2.55) (3.76)

AGE-SQUA -40.93 -8.10 62.56 -24.22 8.14 1.43 -26.82
21.30) | (12.91 (20.15) | (14.69) | (8.83) | (11.10 16.58)

— HUSBAND- (-o.zo oﬂ)) 031 0.31 (%1 o.o-r) (-n.

0.48 0.29 ©050) | (0.41) | (033) | (030) | (038
FFRANCGGPH | 039 | -0.66 113 0.71 0.55 1.03 -0.13
0.71) | (0.42) | (0.63) | (085) | (026 (0.42) | (0.53)
I~ ALLOPHON 1.48 -0.11 -0.63 -0.51 o.o?z) 0.56 -1.58
0.66) | (0.33) | (057) { (045) | (0.24) | (0.36) | (0.46)

[~ HUSBAND- 071 0.15 0.44 0.94 037 9.0 -0.29
(0.39) (0.22) 0.39) (0.31) (0.16) (0.24) (0.30)

WIFE WHI -0.23 0.62 0.20 -0.47 0.33 0.23 -0.80
(0.42) (0.24) (0.40) (0.32) (0.18 (0.24) | (0.32

I WIFES-A 13.63 5.01 -2.74 -2.06 413 -0.53 0.41
(4.54) (3.07) (4.28) (3.39) | (2.13) (2.72) (4.02)

I~ DIFF-IN- -3.50 0.03 1.72 0.34 002 0.01 2.94
(1.57) (0.91) (1.41) (1.23) (0.77) (0.77) (1.24)

—WIFES-LO 5.31 -0.09 343 0.27 -0.31 0.53 -6.03

(2.70) (1.54) (2.49) (2.06) | (1.20) (1.34) (2.12)
[ PRICE(F) | -79.78 -66.79 80.64 -2.25 0.82 15.84 -22.66
51.52) | (41.71) | (42.70) | (32.58) | (18.15) | (22.84) | (39.57)

[~ PRICE(H) | -83.37 -54.63 63.02 516 549 12.54 -12.92
(44.77) | (37.55) | (38.15) | (28.38) | (16.17) | (19.95) | (34.90)

[ PRICE(R) | 99.61 63.39 -79.30 12.02 0.37 -14.52 0.42
50.68) | (41.12) | (42.26) | (32.55) | (17.70) | (22.41) | (39.37)
[ PROCE(E) | 13.76 -0.59 6.18 ~8.87 543 1397 9.02
(5.97) (3.11) (5.56) (4.36) (2.21) (3.18) (4.87)
[ PRICE(M) 234 9.4 11.91 -20.77 6.22 0.72 ~12.49
(12.25) | (8.19) gm.se? (8.67) (4.80) (6.33) (9.82)

[~ PRICE{W) 083 LB T 16.47 304 2.56 16.71
10.39) | (6.66) (9.79) (7.57) (4.22) (5.65) (8.28)

— PRICE(V) | -28.62 | -18.02 23.23 -3.48 -0.96 4.08 8.75
[ (15.50) | (12.95) | (13.10) | (9.86) (5.69) (6.92) | (11.94)
B-INTERC 5637 | -42.3% 45.05 4.37 -2.01 6.70 -19.37
(33.86) | (26.88) | (27.42) | (20.66) | (11.68) | (14.42) | (24.95)
i @83 | (vom | ooy | aos) | 4w | aem | (aso
6.63 . . . . 2.68 4.50
[ B-HOME-O -6.30 -0.18 624 36 0. (o.ss 0.03
(2.66 1.46 2.06 (1.88) (0.97 1.24 2.02
— LAMBDA 3.13) 14. 41'53 - 076 o.n)— ) % -
(3.39) (2.90) (2.87) 2.12) 1.29 1.52 2.61
LIN
[ SECOND LINE OF NOTES )|
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Table Al. Parameter estimates for collective model.

filler F " 1 R ] E 1T M | W [ V]
X . . %]} 810 10.73 38.43 | 131.69 |
(37.60) | (20.29) | (20.42) | (26.64) | (11.92) | (19.82) | (35.52)
[ ATLANTIC -0.19 0.43 -0.56 0.11 -0.79 035 099

(0.78) (0.41 0.6y | (o.61) 0.31 0.45) (0.64)
] UEB 0.96 -o.?a2 0.32 -0.06 _‘_ﬁ)_-o. "L'ﬂo. -0.27
(0.82) (0.49 0.71 (0.64 0.32) (0.47) (0.62)
[ PRAIRIES a1 1.&"‘_‘_63)_0. —3'63)— 0. 0.19 -1.06
(0.73) (0.41 0.72) (0.61) (0.29) (0.43) (0454?
BT -1.58 -0. 0.81 1.96 % <) 043 -1

0.87 0.46) (0.83) (0.69) (0.33) (0.48) | (0.65)
m—‘rd— 9. _(W a5 17.33 17.31 851 -14.28
(27.61) | (12.00) | (14.18) | (15.96) | (9.50) | (10.20) | (18.05

HOME-OWN 19.93 -0.33 -21.84 19.44 1.16 -4.44 10.5v

(11.39) | (6.03) (9.12) (8.41 4.54 5.79 (8.89)

[ CITY-DWE 0.15 -0.74 037 15)_"('616}— ; _L‘f_-o. 0.08
(0.48) 0.26 (0.46) (0.33) (0.18) (0.25) (0.37)

[ HUSBANDS | 2.96 J‘d-x -6.59 3.8 1.47 1.03 243

4.37 2.62 3.04 3.22 1.99 2.49) 3.74
W‘-‘i‘r&%’. "_‘- 1'3'!%'. 1 '4'5'.1‘; -(24.2% (K.l'i) (s.m -(so.u):
16.69) | (9.80) | (14.60) | (11.83) | (6.17) (8.86) | (13.05)

[ HUSBAND- [ O 0.22 0.79 0.77 0.23 0.11 1.0

(0.43) (0.26 (0.47) (0.38) (0.21) (0.28) (0.34)

0.16 -0. T.03 0.81 0.62 1.06 -0.01

(0.71) (0.42) (0.61 (0.54 (0.26) (0.42) (0.53)

| ALLOPHON 1.71 -0.17 0.89 0.4 0.10 0.61 -1.94

0.64 (0.31) | (0.52) (0.43) (0.22) (0.34) (0.42)

—Husmr'im ; 018 [T 0.93 0.23 0.24 T S

(0.39) (0.21) {0.39) (0.31) (0.16) (0.23) (0.30)

| WIFE-WHI -0.29 0.67 0.09 -0.36 0.34 0.21 0.73
(0.39) (0.23) (0.39) (0.31) (0.16) (0.23) (0.30) |

WIFE'S-A 15.00 7.5 -4.88 -1.73 4.0 -0.76 -1.09

(4.48) | (2.78) | (4.17) (3.38) | (2.08) | (2.67) 3.98)

DIFF-IN- -0.53 -0.26 0.17 0.29 -0.18 0.38 -0.26

(0.22) (0.16) (0.17) (0.22) (0.08) (0.15) (0.18)

[ PRICE(R) 3.07 ~12.26 2.63 -6.62 0.36 12.71 ~29.60

(9.38) | (6.24) (6.64) (8.35) (3.41 (6.28) | (11.02)

— PRICE(H) -33.07 -6.05 4.56 -6.86 9. 13.10 -30.07

(10.30) | (7.73) | (7.00) (8.89) (3.69) (6.68) | (11.94)

FECE R) 15.02 7.18 -5.73 10.10 0.41 -12.07 16.81

(8.55) (5.98) (7.20) (8.16) | (3.21) (5.70) (9-64)

PRICE(E) 16.63 -1.23 9.26 -10.48 -6.66 -12.06 -1.89

5.86) (3.09) (5.18) (4.52) (2.18) (3.13) | (4.88)

PﬁCEiMF 7. -2.94 -6.08 -18.32 3.03 0.76 -16.76

8.43) | (488) | (527) | (6.82) (a:g) (5.23) | (7.27)

M PRICE(W) o7 -3.00 7.35 13.81 =]

ar) | @) | 528 | (566) | 322) | (443) | (568

PRICE(V) -20.77 -20.62 8.00 -17.84 -16.93 13.31 -73.42
(19.73) | (14.33) | (12.81) | (17.76) | (7.18) | (13.88) | (25.80)
B-INTERC -10.32 -14.99 1.12 -5.94 -9.06 8.76 -50.44
(340 | aeo) | (813 | (1129) | (459) | (869 (16.07)
B-CAR-OW 4.79 -0.7 0.37 -3.7T2 -3.74 -1 1.91
618) | 229 | @7) | (303 | .83 | (1.96) | (3.40)
B-HOME-O -3.63 0.12 4.04 -3.58 -0.23 0.72 -2.04
‘2-12! 51.13) (1.71) (1.58) (0.85) (1.09 (1.65)
CAMBDA -0. 1. 0.17 1.86 1.62 -O.g 5.36
1.42 1.04 0.92 1.29 0.53 0.99 1.86
[ FIRST LINEOFNOTES
[ SECOND LINE OF NOTES |
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r Table 5. Predicted budget shares. j
Model— Unitary Collective
Restriction— Unrestricted | Unrestricted Collective

Food at home 18.1 16.0 18.3
(0.8) (1.1) (0.8)

Household operations 14.0 13.4 14.2
(0.5) (0.7 (0.4)

Recreation 11.0 13.0 10.7

(0.7) (1.0) (0.7)

Food outside 10.9 10.2 114
(0.6) (0.8) (0.6)

Men'’s clothing 5.2 5.1 5.1
(0.3) (0.4) (0.3)

Women's clothing 7.0 7.0 7.0
(0.4) (0.6) (0.4)

Vices 8.4 9.0 8.1

(0.7) (0.9) (0.7)

Transport 25.4 26.3 25.2

[T\Iote: All values r:ultiplied by 100. Standard errors given in brackets. ]
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[ ~ Table 6. Total expenditure elasticities.
Model— T Unitary Collective
Restriction— Unrestricted { Unrestricted | Collective
Food at home 0.19 -0.68 0.12
(0.11) (0.42) (0.09)

Household operations 1.11 1.02 1.04
(0.13) (0.25) (0.08)

Recreation 1.53 2.10 1.68
(0.21) (0.38) (0.15)

Food outside 1.39 1.37 1.48
(0.16) (0.41) (0.13)

Men's clothing 1.64 1.56 1.65
(0.20) (0.49) (0.14)

Women'’s clothing 1.70 1.59 1.70
(0.19) (0.37) (0.17)

Vices 1.38 2.34 141
(0.22) (0.44) (0.21)

Transport 0.67 0.61 0.65

[ Note: Standard errors given in brackets.
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[ Table 7. Own price elasticities. J
Model— Unitary Collective
Rrestriction— Unrestricted | Unrestricted | Collective
Food at home -0.45 +0.78 -0.54
(0.94) (3.84) (0.33)
Household operations -1.12 -1.11 -1.00
(1.04) (2.41) (0.30)
Recreation -1.14 -1.01 -1.41
(1.40) (3.38) (0.60)
Food outside -1.81 -1.83 -1.52
(0.41) (0.58) (0.70)
Men'’s clothing +0.72 +0.40 +0.46
(0.95) (0.71) (0.62)
Women's clothing -0.30 -0.53 -0.10
(0.78) (0.74) (0.65)
Vices -2.08 -1.06 -2.12
(2.61) (0.97) (2.39)
Transport -1.85 -0.86 -1.35
i - - _
| Note: Standard errors given in brackets. |
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ANNEXE 5

L'approche par le calcul différentiel extérieur
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Aggregation and Market Demand : an Exterior
Differential Calculus Viewpoint*

P.A. Chiappori' I. Ekeland?
June 97

Abstract

In many economic contexts, a given function can be disaggregated as
a linear combination of gradients. This problem is typical in aggregation
theory, as illustrated by the literature on the characterization of aggregate
demand and excess demand. We show that exterior differential calculus
provides very useful tools to address these problems. In particular, we
show, using these techniques, that any analytic mapping in R" satisfying
Walras Law can be locally decomposed as the sum of n individual, utility-
maximizing market demand functions.
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and suggestions. Financial support from the Commissariat Général du Plan (DAS 29/1994) is
gratefully acknowledged.

t University of Chicago, Economic Department, 1126 east 59th Street, Chicago, IL 60637
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1. Introduction : aggregation and gradient structures

In many situations, economists are interested in the behavior of aggregate vari-
ables that stem from the addition of several elementary demand or supply func-
tions. In turn, each of these elementary components results from some maximizing
decision process at the 'individual’ level. A standard illustration is the character-
ization of aggregate market or excess demand in an exchange economy, a problem
initially raised by Sonnenschein (1973a,b) and to which a number of author con-
tributed, starting with Mantel (1974) and Debreu (1974), and including McFadden
et al. (1974), Mantel (1976, 1977), Diewert (1977) and Geanakoplos and Pole-
marchakis (1980). Here, agents maximize utility under budget constraint, and
individual demands add up to an aggregate demand or excess demand function.
This research has recently been extended to incomplete markets by Bottazzi and
Hens (1996) and Gottardi and Hens (1995). A different but related example is pro-
vided by Browning and Chiappori (1994), who consider the demand function of
a two-person household, where each member is characterized by a specific utility
function and decisions are only assumed to be Pareto-efficient.

These models share a common feature : they lead to the same type of mathe-
matical problem. Specifically, in all cases, the economic context has the following
translation : some given function X (p), mapping R% to R?, can be decomposed
as a linear combination of n gradients. Here, n is the number of individuals; X (p)
is the original (aggregate) function; and gradients are the natural mathematical
translation of the underlying optimization problem. Formally, X(p) writes down
as :

X(p) = A1(p) DpV'(p) + ... + An(p) DpV™(p) (1.1)

where the X;(p) and the V*(p) are scalar functions (V* being in general interpreted
as an indirect utility function), and where D,V*(p) is the gradient of V(p) at p:

oV av")’

D, Vi(p) = ey =
»V'(P) (BM 3pe

Note that, depending on the context, these functions may have to fulfill specific,
additional conditions, such as positiveness, monotonicity, (quasi-)convexity, bud-
get constraints and others.
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A natural question is then the following : what does (1.1) imply upon the form
of the function X ?

From a mathematical point of view, the structure (1.1) is highly specific. In
the first half of this century, Elie Cartan developed a set of concepts, usually
referred to as exterior differential calculus (from now on EDC), that proved espe-
cially convenient to deal with problems of this type. Surprisingly enough, however,
these tools have hardly ever been used in the field of economic theory. As an obvi-
ous exception, one must mention a pioneering paper by Russell and Farris (1993),
showing that Gorman’s rank theorem is a consequence of well-known results on Lie
groups. More recently, Russell (1994) proposes a measure of 'quasi-rationality’ di-
rectly based upon EDC. These works, however, only consider individual behavior?.

The goal of this paper is to apply the tools of EDC to some standard economic
aggregation problems. Specifically, we describe in some details how a very pow-
erful theorem of EDC, due to Cartan and Kahler, can be used to address a range
of issues relating to the aggregation literature. To our knowledge, this result has
never been used so far in economics, although its scope potentially includes many
important issues. To illustrate the latter claim, we consider the classical prob-
lem, initially raised by Sonnenschein (1993b), of the characterization of aggregate
demand?. Two versions have been considered in the literature. The first ver-
sion considers the excess demand of an exchange economy. Given some arbitrary,
continuous function Z that satisfies homogeneity and Walras Law, is it possible
to construct an economy (i.e., a set of preferences and initial endowments) for
which Z is the aggregate excess demand ? This was solved by Mantel (1994) and
Debreu (1994), and complementary results were derived by Geanakoplos and Pole-
marchakis (1980). The second problem is similar, except that it considers market
demand (instead of excess demands). This problem, even in the local version put
forth by Shafer and Sonnenschein (1982), was still open, except for the case of
finite data sets (Andreu 1983).

In what follows, we provide a formal proof of the general conjecture already
formulated in Sonnenchein’s paper, namely that any (smooth enough) function
satisfying Walras Law can be locally seen as the aggregate market demand of some
economy, even when the distribution of income is imposed a priori. Our approach
is general, and applies to excess demand as well - although, for the sake of brevity,

1A referee rightly pointed out that EDC is mentioned in Hurwicz (19), in the context of
integration of consumer demand.

2Another application to "collective” household behavior a la Browning and Chiappori is
provided in a companion paper (Chiappori and Ekeland 1997a).
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we only consider the market demand case in the paper. In addition, we provide
two new results. One is specific to market demand; it shows that the result holds
when the income distribution, instead of being constant, is some given function
of prices. On the contrary, when income distribution can vary with prices in an
arbitrary way, then the number of agents required is considerably decreased. The
second result is valid in both the excess and market demand contexts; it states that
the decomposition can be varied continuously with the initial demand function.

The structure of the paper is as follows. In the next section, we quickly recall
the structure of the problems under consideration, and describe their formulation
in terms of exterior differential calculus. Section 3 presents the main results, while
the extensions are discussed in section 4.

2. Characterization of aggregate excess and market demand

2.1. A statement of the problem

The problem of characterizing the structure of aggregate excess and market de-
mand was initially raised in Sonnenschein’s seminal paper (1993b). The excess
demand problem can be stated as follows. Take some homogeneous, smooth map-
ping Z(p) : RY - R’ such that

p.Z(p) =0 (2.1)

(Walras Law). Can we find n homogeneous, smooth individual demand func-
tions z!(p), ..., 2" (p) such that

Z(p) = z'(p) + ... +2"(p) (2.2)

where z'(p) = x'(p) — ' and x*(p) is a solution of

V {(p) = max U*(x?)
p.x' = p.uw' (2.3)
x>0

for some well-behaved utility function U* and some positive initial endowments
wt ., wn?

The market demand problem is similar, except that the initial mapping X (p)
should satisfy

p.X(p) =n (2.4)

4
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but needs not to be homogeneous, and that (2.2) and (2.3) should respectively be

replaced by :
X(p) = x'(p) + ... + x"(p) (2.5)
and . o
V }(p) = max U*(x')
px=1 (2.6)
x>0

As it is well known, the former question - the characterization of aggregate
excess demand - has been solved by Mantel (1974) and Debreu (1974), whereas
the so-called "market demand” problem is still open. As a matter of fact, the
techniques we shall now describe apply to both problems in basically the same
way. This is partly due to the local nature of our approach. It has been known
since Sonnenschein’s paper that, in contrast with the excess demand problem, the
characterization of market demand will face complex non-negativity restrictions.
In particular, he exhibits a counter-example of a function X that cannot be glob-
ally decomposed as above because of these constraints. However, the local version
of the problem remains : is it possible, for any given p >>0, to find individual
demand functions x!(p), ..., x"(p), defined on some neighborhood of p, such that
(2.2) and (2.6) are fulfilled on this neighborhood ?

A result initially demonstrated by Sonnenschein (1973b) and then generalized
by Diewert (1977) and Mantel (1977), states that for n > ¢ any continuous func-
tion satisfying Walras Law does, when considered at some given point p, 'look like’
aggregate market demand, in the following sense : it is possible to find individual
demand functions x!(p), ..., x"(p) such that :

X(p) =2 x'(p), DpX(P) = D_ Dpx'(p)

In their 1982 survey, Shafer and Sonnenschein ask whether it is possible to go
beyond this result, and find the x*(p) such that X (p) coincides with ¥, x*(p) on
an open neighborhood of p. While Andreu (1983) has demonstrated this property
for finite sets of price-income bundles, the continuous version has not yet been
established. In what follows, we show that the answer to the question is positive,
at least if we assume that the function X is analytic on such a neighborhood
(which implies, in particular, that it is infinitely differentiable).
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2.2. The basic partial differential equations
2.2.1. Excess demand

Our first basic remark is that both problems can actually be stated as partial
differential equations. We start with excess demand. If V* denote consumer i’s
indirect utility, we know that utility maximization implies D,V*(p) = —a;.2*(p),
where a; is the Lagrange multiplier. It follows that :

Z(p) = —a—lt?) DyVi(p) - .. — a_,.l(ff) Dy,V™(p) (2.7)
= M(p) DpV'(p) + ... + An(p) DpV"(p)

and Z(p) must be a linear combination of n gradients. In addition :

e the V' are homogenous and (quasi) convex
e the \; are one-homogenous and negative

e furthermore, the budget constraint implies :

p-DVi(p) =0 Vi (2.8)

The problem is thus to find, on a neighborhood of some given p, functions
A1, ., Ap and V1 . V™ satisfying (2.7) and the set of conditions (2.8).

2.2.2. Market demand

The statement of the market demand problem is similar. First, if V* denote con-
sumer i’s indirect utility, we know that utility maximization implies DpV*(p) =
—a;.x'(p), where ¢; is the Lagrange multiplier. It follows that :

1 1 _ _L n
X(P) = =75 DoV (B) = = s DoV (P) (2.9)
= M(p) DpV!(p) + ... + An(p) DpV"(p)

and X (p) must be a linear combination of n gradients. In addition :

e the V' are (quasi) convex and decreasing

e the ); are negative
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e furthermore, the budget constraint implies :
p.DpVi(p) = 1/); Vi (2.10)

The problem is thus to find, on a neighborhood of some given p, functions
A, ..., An and V1, .. V™ satisfying (2.9) and the set of conditions (2.10).

It should be noted that the two problems above are basically similar; in both
cases, we have to solve a partial differential equation on a set of functions that
satisfy specific constraints. The only difference lies in the form of the constraints
- (2.8) in one case, (2.10) in the other - that are similar but not identical. Sur-
prisingly enough, this minor difference results in important discrepancies in the
resolution process. As we shall see, the market demand problem is much more dif-
ficult to solve than the excess demand one, even when fully exploiting the power
of the EDC techniques. This may explain why the former remained unsolved for
twenty five years whereas a solution of the latter was found within a few years.
Also, it must be emphasized that these differences are totally independent of the
nonnegativity restrictions; they are related to the mathematical nature of the
(local) problem.

3. Mathematical resolution

3.1. The basic strategy

We now come to the resolution of the problems described above. Let us describe
the general strategy used throughout the proofs. The basic idea is similar in both
cases; the presentation is given in the case of market demand.

A first idea could be to directly consider the basic partial differential equations
on R In the case, say, of market demand, the latter can be rewritten as : find
(quasi convex) functions V1, ..., V™ that are solutions of :

_«— DpVi(p)
X(p) = ; p.DpVi(p)

This PDE, however, does not belong to any usual class, and we do not have
standard existence results to apply. The problem, thus, must be reformulated in
a different way.

In fact, the basic idea of the proof is to enlarge the space under consideration,
and to adopt a geometric viewpoint. Specifically, let us consider the space E =

(3.1)
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{P, A1, .y An, AL LA™} = R, here, the vector A will later be interpreted
as the gradient DPV‘. Assume, now, that a solution exists. Then the equations
A = Ai(p) and A* = A(p) define a (¢-dimensional) manifold S in E. Clearly, S
must be included in the ¢n-dimensional manifold M defined by :

X(p) = 3o MAS (3.2)
pA' = 1/\ Vi

Conversely, is it the case that any ¢-dimensional submanifold of M defines
a solution of our problem ? Certainly not. Indeed, the function A*(p) must, in
addition, be the gradient of some quasi-convex function - a fact that implies well-
known cross-derivative restrictions :

(3.3)

plus some positivity conditions. The latter will turn out to be manageable in our
local approach, since if they hold at some point, they will hold in the neighbour-
hood as well. If we forget them for the moment, we see that the mathematical
problem can be stated as follows : solve the system of partial differential equations
(3.83) on the manifold M .

Conversely, assume that we can find functions A;(p) and A*(p), that remain
on the manifold, and such that the system (3.3) is satisfied. Then A*(p) is the
gradient of some function V*, and the (V?,..., V") solve the problem.

In the language of EDC, the system (3.3) can simply be rewritten as :

w'=) dAY Adp; =0 Vi (3.4)

J

(see Chiappori-Ekeland (1996) for a detailed explanation). Here, w; is a form, and
we are looking for an n-dimensional integral manifold of the exterior differential
system (3.4) on the manifold M . .

As it turns out, one of the most important application of EDC is precisely to
provide existence theorems for partial differential equation on manifolds. Although
we shall not attempt to present here EDC in details®, we may briefly indicate the
main intuitions underlying the approach from a few examples.

3See Bryant and al. (1991), or Chiappori and Ekeland (1996) for a pedagogical summary.

8
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3.2. An introductory example
3.2.1. Cauchy theorem

Let us start from the simplest version of our problem, namely the Cauchy theorem
for ordinary differential equations. It states that, given a point £ € R and a C!
function f, defined from some neighborhood U of (0, Z) into R, there exists some
€ > 0 and a C' function ¢ : | — ¢,€ [— U which is a solution of the equation :

de

= T{te®) vt e]-ccl (3.5)

with the initial condition :

1]

¢(0) =

In particular, 22(0) = f(0, ). If f(0,%) = 0, the solution is trivial (¢(t) = Z
for all t); so we assume that f(0, Z) does not vanish.

Clearly, a differential equation on R is the simplest case of system of PDE on
a manifold. Now, how do we solve this locally around 0 ? The intuition is to
consider the linearized version of the differential equation. That is, we look for
some linear function ¢ = at + 3, which is a solution of the system that obtains
when replacing in the right hand side the function f (¢, ¢(t))by its value at t = 0,
namely f(0,Z). Such a solution obviously exists, and is given by :

0=f(0,.’l_7),ﬁ=.’f

The question, at this point, is whether the existence of a solution for the
linearized version of the problem implies the existence of a solution for the initial,
non linear equation. Cauchy theorem essentially states that the answer is positive,
under mild regularity conditions on f. The intuition, again, is pretty clear. Take
some v << ¢, and contruct a linear approximation of the solution as follows :

- ¢(t) = f(0,z2).t +z on [0,v] ; then p(v) = f(0,%).v + T and from (3.5)

dy _ _ _
I(u) = f(v,f(0,Z).v +7)

- then ¢(t) = ¢(v)+f (v, f(0,Z).v + £) (t — v) on [v, 2v[ (that is, a linear
continuation with slope 2(v) )

— and so on till [e — v, €]
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This piecewise linear function can be made arbitrarily close to the "true”
solution when v becomes arbitrarily small (and, again, under mild regularity
conditions). This indicates why one may expect there should be a narrow link
between existence problems in the linear and the nonlinear versions.

Can this result be generalized ? That is, can we expect that, for any system
of PDE, the existence of a solution for its linearization guarantees the existence
of a (local) solution to the general system ? Cartan-Kéhler theorem provides a
positive answer to this question. It requires, however, specific conditions to apply;
the above statement would certainly not be true in full generality. To see why,
consider the following two counter examples.

3.2.2. Counter example 1

We modify the previous example as follows. Take two functions f and g from R?
into R, with f(0,%) = ¢(0,%) = y # 0 and consider the differential equation :

2= ) Voel-ee]
2 gle) Viel-cel

with the initial condition :

¢(0) = z

Clearly, a solution does not exist in general (unless f and g coincide on some
open neighbourhood of (0, z)). However, if we linearize at (0, Z), the linear version
does have a solution, given by

a=f(0,.’l_3)=g(0,1—.‘)=y, =1

So we are in a case where the linearized problem has a solution, but the latter
does not locally extend. Why is that 7 Clearly, the problem is that the equality
f(t,z) = g(t,z) - which is necessary for the existence of a solution - holds at
(0, £), but not in the neighbourhood; the technical translation being that (0, z) is
not an ordinary point. In general, what we need is a regularity condition which
will exclude such pathological situations. Technically, this condition will state
that the relevant equality holds true at ordinary points. Of course, this requires
a general definition of the concept of an ordinary point. This is quite easy in the
case above, but may be more complex in general. Cartan-Kahler theorem does
precisely provide such a definition.

10
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3.2.3. Counter example 2

The first counter example introduced a system of differential equations. We now
introduce several variables. Take two functions f and g from R? into R, and
consider the system :

dy

a - f (t1,t2) (36)
dy

ity g (t1,t2)

with some initial condition (say, ¢(0,0) = 0). As 1t is well known, a solution
cannot exist unless f and g satisfy :

df dg

dty  dt,

However, if we linearize at (0, 0), the linear version does have a solution; the
latter is given by ¢ = a;t; + asts, with

a; = f(O: 0)102 = 9(0) O)

We still are in a case where the linearized problem has a solution, but the
latter does not locally extend. But the issue, here, is not whether the point is
ordinary or not; all points are ordinary in this context. The problems rather
comes from the fact that the system (3.6) is not "complete” (or "closed”), in the
following sense. If these two equations are satisifed for all (¢,,t;) in some open
neighbourhood, then we can differentiate them; in particular, it must be the case

that : 0
d 4 _ af (tlth) (3 7)
dt,dty Oty '
d2‘p - 69 (tli t?)
diydty at,

These two equations are immediate analytic consequences of the previous ones.
But, algebrically, they are independent. In particular, the linearization of the
system consisting of (3.6) and (3.7) is different from that of (3.6) alone.

The system (3.6) is incomplete (or, the language of EDC, "not closed”) in the
sense that is does not include some equations (such as (3.7) that are algebrically
different fr~m, bu. analytically implied by the initial ones. A second condition for
applying Cartan-Kahler is that the system must be closed in the previous sense.

11
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3.2.4. The Cartan-Kahler theorem

A precise statement of the theorem is :

Theorem 3.1. (Cartan-Kahler) Consider the exterior differential system :
Wwt'=0, 1<i<K

Assume that the w* are real analytic and that they generate a differential ideal.
Let Z be a point and let E be a regular integral element at . Then there is a real
analytic integral manifold M, containing T and such that :

T:M = FE .

Here, the differential ideal property is equivalent to 'completeness’ in the sense
illustrated above; an integral element E at 7 is a solution of the linearized system
at T, and it is regular if T is 'ordinary’; finally, T: M is the tangent linear manifold
to M at z. For a precise mathematical definition of these terms, see Bryant et al.
(1991).

3.3. The argument

We now come to the resolution of the market demand problem; again, the res-

olution of excess demand would obtain from a similar argument. An important

remark, first, is that the system is complete, in the sense of the previous section.

So the second condition of application of Cartan-Kahler is automatically fulfilled.
Following the approach alluded to above, the proof is in two steps.

e As a first step, one must look for a solution of the linearized problem (at
some given point p). Specifically, choose (arbitrarily) the values at p of A;
and A* = D,V' - say, A; and A'. In particular, one may choose }; < 0,
A* << 0 and A = (A,..., A™) invertible; if these properties hold at p,
they will hold by continuity on a neighborhood as well. Also, these values
must satisfy the relations defining the manifold M:

Z XA = X(p)

and
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e Now, linearize ); and A® (as functions of p) around p :

O =N/
Op;
BA;; i
Bpj k

Solving the linearized problem is equivalent to finding vectors N * and matri-
ces M* that satisfy the integration equations, i.e., (3.3), plus the equations
expressing that ); and A* remain on the manifold M (the latter obtain by
differentiating (3.2)); in addition, we want the V* to be convex.

Formally, we write that :
~ A'is the gradient of a convex function; this implies that
M* symmetric positive, i = 1,...,n
— 'the point remains on the manifold’, which leads to :

DpX(p) = 3 (A'DpX + MDpAY) =3 (A'N] + NMY) o (38)

1

} . 1 . ]
M'p+A'=—5Nie N! = -)ip'M*+ AY) (3.9)

1

This is the set of linear equations that have to be solved in M?t and N;.

e the second, and more tricky step is to show that the previous conditions
hold true at ordinary points. This is crucial in order to go from a solution to
the linearized version at each point to a solution to the general, non-linear
problem; a move that may not be possible otherwise, as illustrated by the
counter-examples in the previous section. Formally, this requirement trans-
lates into the fact that the subspaces involved have the 'right’ codimension.

Is it possible to find vectors N* and matrices M* that satisfy the previous
conditions ? The answer is positive; a general proof is in Appendix B. Two remarks
can be made at this point :

13
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e the technique used in this proof applies not only to the aggregate demand
and excess demand problem, but also to other problems of the same type.
In particular, the case of incomplete markets is considered in Chiappori and
Ekeland (1997b)

e in the case of market demand, the existence of a solution to the linearized
problem (step one above) is in fact a consequence of known results of the
literature, due to Sonnenschein (1973b), Diewert (1977) and Mantel (1977).
These results, however, are not sufficient for the present purpose, because
they do not allow to check the codimension properties of step two. The
proof we provide does indeed allow to compute the required dimensions.

To better understand the issue here, it is important to understand that
finding one particular solution of the linearized problem cannot be enough.
What we need, in fact, is a characterization of all possible solutions to
the linearized problem - since we shall have to compute the dimensions of
the corresponding spaces. This, of course, is more difficult than finding one
solution. But it is a problem for which the whole apparatus of linear algebra
can be used. This is what we do in Appendix B.

3.4. The main result

Once these conditions have been checked, Cartan-Kahler theorem applies. Finally,
one gets the following statement :

Theorem 3.2. Take n > ¢. Consider some open set U in R! — {0} and some
analytic mapping X : U — R:‘ such that p.X(p) = n. For all p € U and for all
(X4, ..,X,) € R™ and (A1, .-, An) € R™ that satisfy :

X1+... + X, = X(P)
Vi, _,‘ >0

>

there exist n functions U, ..., U™, where each U; is defined in some convex neigh-
borhood U; of X; where it is analytic and strictly quasi-concave, n mappings
(X1, ..., Xn) and n functions (Ay, ..., A\n) , all defined in some neighborhood V of p

14
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and analytic in V, such that, for allp € V :

px;p)=1 i=1,..,n
U; (xi(p)) = max {Us(x) | x eU;, px <1}, i=1,..,n
oU;

-@ (xl(p)) = ’\I(p)pjﬁ 1= 1)"'1"’» .7 = 11"')"‘

S x(p) = X(p)

=1
x,-(f)) = X, 1= l,...,n
NP)=X, i=1,..,n

Note that both the individual demands and the Lagrange multipliers (i.e., each
agent’s marginal utility of income) can be freely chosen at p. In particular, non-
negativity constraints can be forgotten, since one can choose individual demands
to be strictly positive at p, and they will remain positive in a neighbourhood.

4. Two extensions

We now consider two extensions of the latter result.

4.1. Continuity of the decomposition

The first extension is relative to what can be called the 'continuity’ of the de-
composition with respect to small perturbations of the initial function. Again, we
present it in the market demand case, but it can be extended to excess demand
in a straightforward manner.

Let X(p) be some given, analytic function. From the previous theorem, we
know that, in a neighbourhood ¥ of some given point p, X(p) can be decomposed
as the sum of n individual market demands :

X(p) = ix.-(m

Let us fix a particular decomposition of this kina, and let ¢ be a positive scalar.
Is it possible to find some positive ¢’ with the following property : for any analytic
function Y (p) such that :

15
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IX(p) - Y(B) < €

it is possible to find, on some neighbourhood U’ C U of p, a decomposition of
Y(p) as: '

Y(p) =Y _yi(p)
i=1
such that :

e for all i, y;(p) is an individual demand function, with p.y;(p) = 1
o ||Ixi(p) — y;(p)ll <e forall p el

In words, the decomposition described in the main theorem must be 'robust’
to small perturbations of the initial function, in the sense that any function ’close
to’ the initial one can be decomposed into individual demands that are 'close to’
the initial ones.

The answer is positive, and is in fact an immediate consequence of the tech-
nique we adopt here. Indeed, remember that the value, at p, of individual de-
mands can be chosen arbitrarily (provided they add up to X(p)). So we can
choose the y;(p) such that :

yi(p) = x,(p)- 2R Y(P)
which implies that /
ly«(6) - %)l < (a.1)

Also, both the x;(p) and the y;(p) are analytic on U, so that, for any ¢, one
can always find some &’ such that (4.1) implies

Ix;(p) —y,(p)ll <e forall pel

In fact, one can even do (slightly) better, thanks to the following remark.
Assume that, at p, Y is close to X in the C"! sense; i.e., we also have that :

IDpX(B)-DpY (Bl < €'

16
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Now, consider the basic equations of the linearized version, i.e., (3.8) and
(3.9). Replacing X by Y does not change the latter, while in the former the left
hand side is modified only by £’. We know, then, that whichever solution that
has been chosen to construct the M* matrices (i.e, the partials of x;(p)) can be
approximated to construct the partials of y;(p). It follows that the y;(p) can be
chosen close to the x;(p) in the C! sense as well; i.e., such that :

“Dpx,-(p) - Dpy‘.(p)" <e forall peld

Finally, the same technique applies to the excess demand problem, hence leads
to a similar robustness conclusion (note, however, that the result is only local).

4.2. Arbitrary income distributions
4.2.1. Fixed income distributions

The second extension is specific to the market demand case. Theorem 3.2 has
been established under the assumtion that each member’'s income was constant,
and equal to 1 :

pxip)=1 i=1..,n

A natural question is whether it extends to more general income distributions.
In fact, we consider the following, general version of the problem. Take some arbi-
trary functions p;(p), ..., un(p) that satisfy u;(p) >0, : = 1,...,n,and 3 u;(p) =n
for all p. Here, pu;(p) is interpreted as i's nominal income, which is allowed to
depend on p in an arbitrary way. Now, can we locally (around p) decompose some
arbitrary, analytic function X(p) as the sum of n individual demands x;(p), such
that each x,;(p) is a solution to the program :

max U*(x*)
p.x*' = pi(p)

for some well-chosen utility functions ?
Again, the answer is positive, at least for analytic distributions, as stated in
the following theorem :

Theorem 4.1. Taken > £. Consider some open set U in R" — {0}, some analytic
functions p,(p), ..., n(p) that satisfy p;(p) >0, i = 1,...,n, and ¥_ pi(p) =n for

17
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all p, and some analytic mapping X : U — R" such that p.X(p) = 1. For all
p € U and for all (X,,...,X,) € R™ and (A1, -y An) € R™ that satisfy :

%1+... + X, = X(Pp)
Vi, A > 0

there exist n functions U!,..., U™, where each U; is defined in some convex neigh-
borhood U; of X; where it is analytic and strictly quasi-concave, n mappings
(X1, ..., Xn) and n functions (A4, ..., An) , all defined in some neighborhood V of p
and analytic in V, such that, forallp e V :

p-xi(p) = ui(p)! i=1..,n
U; (x;(p)) = max {U;(x) | x € U;, px < pi(p)}, i=1,..,n

oU; . )
a;(xi(p)) =M(p)pj, i=1,...,n 3=1.,n

3 x(p) = X(p)

=

1
X, 1=1..,n

xi(f’)

/\,’ f)) Xi: 1= 1,...,71.

—~

The proof is in Appendix C; in fact, it is exactly identical to the previous
one, since the u;(p) only introduce minor changes into the basic argument. Note,
in particular, that this encompasses the case where p.x;(p) = p; for some fixed
income distribution g1, ..., un that satisfies 3 u;=n; this is the way the problem
is often stated in the literature. This result in the market demand case is the
counterpart of the fact that, in the excess demand case, the distribution of initial
endowments can be chosen arbitrarily.

4.2.2. Unconstrained income distributions

Finally, consider the following, quite different problem. Assume that, instead of be-
ing initially given, the u;(p) can be arbitrarily chosen to "match” the initial func-
tion X. Economically, the interpretation is that there exist some price-dependent
income distribution, upon which we have no information. Now, how many in-
dividual agents are necessary to decompose the market demand X in this new
setting?

18
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In fact, the answer to this question is not completely known yet. But two
related results can be given. One is the answer to a simpler problem, namely
the 'mathematical integration’ viewpoint. That is, we shall in what follows disre-
gard convexity requirements; we simply impose that X(p) be written as a linear
composition of k gradients, where k denotes the number of consumers:

X(p) = Mi(p) DpV(p) + ... + Xe(p) DpV*(p)

Now, in this case, the answer can readily be derived from some well known
result in EDC, namely Pfaff theorem. It can be showed that only n/2 consumers
are necessary to solve the ‘'mathematical integration’ problem (see Chiappori and
Ekeland (1996) for a precise proof).

A second conclusion stems from a recent result by Zakalsukin, who extends
Pfaff theorem to show the following : if, in addition, the functions V* are required
to be convex, then a solution can always be found with one more consumer -
i.e., in this case, n/2 + 1. Hence, a interesting conclusion is that, when income
distribution can freely vary, then n/2 + 1 consumers at most are sufficient to
generate any (acceptable) excess demand.

19

La documentation Francaise : "Modéles collectifs d'offre de travail : rapport final du comité ""Emploi - travail - redistribution™ /

sous la responsabilité de Pierre-André Chiappori ; Commissariat général du Plan."



164

References

[1] Andreu, J. "Rationalization of Market demand on Finite Domain”, Journal
of Economic Theory, 7 ,1983.

[2] Arnold, V.I. : " Mathematical Methods of Classical Mechanics”, Springer-
Verlag, 1978

[3] Browning, M., and P.A. Chiappori : "Efficient Intra-Household Allocations
: a General Characterization and Empirical Tests”, Mimeo, DELTA, 1994

[4] Bryant, R.L., S.S. Chern, R.B. Gardner, H.L. Goldschmidt and P.A. Griffiths
: " Exterior Differential Systems”, Springer-Verlag, New York, 1991

[5) Cartan, E. : ”Les systemes différentiels extérieurs et leurs applications
géométriques”, Hermann, Paris, 1945

[6] Chiappori, P.A., and I. Ekeland (1996) : "Exterior Differential Calculus
and Aggregation Theory : a Presentation and Some New Results”, Mimeo,
DELTA

[7) Chiappori, P.A., and I. Ekeland (1997a) : " Collective Household Demand”,
Mimeo, DELTA

(8] Chiappori, P.A., and I. Ekeland (1997b) : ” Aggregate Demand : the Incom-
plete Markets Case”, Mimeo, DELTA

(9] Debreu, G. : "Excess Demand Functions”, Journal of Mathematical Eco-
nomics, 1974, 1, 15-23

(10] Diewert, W.E. , "Generalized Slutsky conditions for aggregate consumer de-
mand functions”, Journal of Economic Theory, 15, 1977, 353-62

[11] Geanakoplos, J. "Utility functions for Debreu's excess demands”, Mimeo,
Harvard University, 1978.

[12] Geanakoplos, J., and H. Polemarchakis, "On the Disaggregation of Excess
Demand Functions”, Econometrica, 1980, 315-331

20

La documentation Francaise : "Modéles collectifs d'offre de travail : rapport final du comité ""Emploi - travail - redistribution™ /

sous la responsabilité de Pierre-André Chiappori ; Commissariat général du Plan."



165

[13] Griffiths, P., and G. Jensen, ” Differential systems and isometric embeddings”,
Princeton University Press, 1987

[14] McFadden, D., A. Mas-Colell, R. Mantel and M. Richter: ” A characterization
of community excess demand fuctions”, Journal of Economic Theory, 7 ,1974,
361-374

[15] Mantel, R. : "On the Characterization of Aggregate Excess Demand”, Jour-
nal of Economic Theory, 1974, 7, 348-53

[16] Mantel, R. : "Homothetic preferences and community excess demand func-
tions”, Journal of Economic Theory 12, 1976, 197-201

(17} Mantel, R. : "Implications of economic theory for community excess demand
functions”, Cowles Foundation Discussion Paper n 451, Yale University, 1977

(18] Russell, T. : "How Quasi-Rational Are You ?”, Mimeo, Santa Clara Univer-
sity, 1994.

(19] Russell, T., and F. Farris : "The Geometric Structure of Some Systems of
Demand Functions”, Journal of Mathematical Economics, 1993, 22, 309-25.

[20] Shafer, W. and H. Sonnenschein, "Market Demand and Excess Demand Func-
tions”, chapter 14 in Kenneth Arrow and Michael Intriligator (eds), Handbook
of Mathematical Economics, volume 2, Amsterdam: North Holland,1982,
670-93

[21] Sonnenschein, H. : "Do Walras’ Identity and Continuity Characterize the
Class of Community Excess Demand Functions”, Journal of Economic The-
ory, 1973a, 345-54.

[22] Sonnenschein, H. : "The utility hypothesis and market demand theory”,
Western Economic Journal 11, 1973b, 404-410

(23] Sonnenschein, H. : "Market excess demand functions”, Econometrica 40,
1974, 549-563

21

La documentation Francaise : "Modéles collectifs d'offre de travail : rapport final du comité ""Emploi - travail - redistribution™ /
sous la responsabilité de Pierre-André Chiappori ; Commissariat général du Plan."



166

APPENDIX

A. Proof of Theorem 3.2

We proove the result for n = ¢. We are looking for an n-dimensional integral
manifold of the exterior differential system :

SdAAdp =0 Vi<n
J

satisfying
dp* A Adp™ #0

in the n2-dimensional submanifold M of RZ™*"" defined by:

M = {7, 3, AF) | Xi(p) = S_X;A and p'A" = 1/X; Vi)
3

Note first that this system is obviously closed in the sense of Cartan (all
exterior derivatives of the equations in the system vanish identically)

A.l. The linearized problem

We first consider the resolution of the linearized problem described in Section
3.3. Consider some given point p, and choose (arbitrarily) the values of A; and

A= (K;, ....An) of A\; and A* at p so that ); < 0, all components of A* are
negative , A = (A, ..., A") is invertible, and:
X(p) = Y nal

—i

prAt = 1/X Vi

Now, we linearize A\; and A' (as functions of p) around p :

o o
opl iy
oA} ~
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We are thus looking for n vectors N; and n matrices M* such that :

M? is symmetric positive definite, i = 1,...,n

and (differentiating the equations (3.2) which define the manifold M):

D X(p) = E (Z-‘Dp’\: + —XiDpAi) = Z (_EN: + X,-Mi) (A1)
Miﬁ""zi = “_')%Ni@N,{= -X?(ﬁ'Mi+Ki') (A.2)

1
From now on, to ease the notations, we will drop the overbar, and write

pt, AL ) instead of p*, A}, ;. But it is understood that these values are fixed as
o j
above.

e Substituting (A.2) into (A.1) gives :

S+YI_NAAY =3 M- AAp'M! (A.3)

where S = DpX(p) is given and is such that (by differentiating p'X = 1):
pIS —_ __xl

It implies that:
p' (s +3 A?A"A"') =-X'+> xA"=0
i e

We now concentrate upon the set of all solutions to (A.3). In our case, it
should be considered as an equation on the set of symmetric, positive definite
matrices. However, for reasons that will become clear in the computation of

Cartan characters, we shall also consider (A.3) as an equation on the set of all
(n x n) matrices.

As a consequence, let us first study the two operators ¢ and s defined by:
o (R)" = {(M",...M") | M eR"} ~ A

& (M, M"™) =3 MM -3 AADPM (A.4)

23
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where A the set of (n x n) matrices such that p'A = 0, and
¢s:S" = {(M',..,M") | M* €S}
b5 (M', .., M™) =S AM* -3 NAp'M (A5)

where S is the set of (n X n) symmetric matrices. Note that &g is simply the
restriction of ¢ to S™

We wish to prove that & and &g are onto. To do this, we first characterize the
kernel of ®s. This is done as follows:

Lemma 1. (M!,.., M™) belong to ker ®5 if and only if there exists a symmetric,
(n x n) matrix 8 = ((8%°)) such that

M*p =) " MipFeac (A.6)
ST auME =S A% AR A (A7)
k k,s

Proof. Let (M!, ..., M™) € ker 5. We have
STaMi; - S AAM = 0. (A.8)
i i
Write that the antisymmetric part vanishes:
DoAHAWM P — AMp') = 0
i

which can be rewritten, using exterior products:

Y (AAY) A (M'p) =0

3

By a celebrated Lemma of Elie Cartan (see Cartan 1945), this is equivalent to
the existence of some symmetric matrix § such that :

M'p = Z A?Ajﬂi’j
J
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Reporting in (A.8) leads to :

ST AM* = A AK(AY)
k

k,s

The two previous relations fully characterize the kernel of ®s.

[

In particular, we must check that these two equations are compatible. Indeed,
we have that :

Y uMEp =Y Aalgtcac
k s
from (A.6), and

Do AeMFp =3 N6 AN (A% p
k k,s

from (A.7). But since (A°)’p =1/),, and § is symmetric, these relations are
equivalent.

We now investigate the range of &5 . Let L; denote the subspace generated
by the right hand sides of (A.6) and (A.7):

L, = {(wl, W, W) eRY x $|34: D A2A%6;, = wiand Y AIAEERAR(A%) = W}
s k,s

It can readily be checked that the operator § — (w,,..., w,, W) is injective;

it follows that
n(n + 1)

dlle = 2

Then
ker &g = {(Ml,...,M") eS| (Mlp,...,M"p,Z,\kM") € Ll}
k
Consider the operator Gg: S* —» R" x S defined by:
Gs (M., M™) = (Mlp,...,M"p,Z,\kM")
k
. Its image belongs to the subspace L; defined by :
Ly = {(wl, oW, W)€ R x S|Wp = Zz\kwk}
k
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By the compatibility condition iust chccked,

LiC Ly
Hence
dimker®s = dimGg'(L,)
= dimL, +dimkerGg
= dimL, +dimS" —dim L,
So that:

dim Im (DS = dim L2 — dim Ll
= n’—n
But &5 maps S to A, with dim A = n? — n. It follows that &g, considered
as a linear mapping from S” to A, is onto. Of course, ® is then onto as well. All
these results can be summarized as follows :

!

Lemma 2. For any matrix S such that p'S = -X
matrices (M?*, ..., M™) such that

, there exist n symmetric
S+YaAAY =3 M -3 NAp'M! (A.9)
1 1 i
Moreover, the set of all such n-uples is an affine space of dimension %nz(n +1) -
n(n — 1).

The case of ® is exactly similar, except for the initial space, which is (IR"’)ﬂ

(hence of dimension n®) instead of S™ (hence of dimension %nz(n + 1)). The cor-
responding result writes :

Lemma 3. For any matrix S such that p'S = —X', there exist n matrices
(M',...,M") such that

S+ 3 aAa'AY =S M- A M? (A.10)
Moreover, the set of all such n-uples is an affine space of dimension n®—nn-1)
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These two results, and particularly the dimensions of the kernels, will be used
in the computation of Cartan characters in the next subsection.

The final step is to show that there exist a solution to the previous equation
such that all matrices (M}, ..., M™) are positive definite. The key idea is to show
the following Lemma :

" such

Lemma 4. There exist n symmetric, positive definite matrices Q!,..., Q
that :

(Ql,...,Q“) € ker &

Indeed, assume this Lemma holds true, and let (M},..., M™) be any n-uple
of symmetric matrices such that (A.10) is satisfied. Then for any positive scalar
k, the n-uple (M! + kQ', ..., M™ + kQ") satisfies (A.10); moreover, for k large
enough, these matrices are positive definite, which would close the proof.

We now prove Lemma 4. We know from Lemma 1 that, to any n-uple of sym-

metric matrices (Q!,..., Q™) in the kernel, one can associate a symmetric matrix
B satisfying the relations (A.6) and (A.7). For the sake of simplicity, define P*
and v, by :

P¥ = MQF, ke = AINEOR
The P* must be negative (remember ); < 0), and satisfy the equations :

Yk,s 173
PFp =Y E2AC = A=
p z,: Ak Ak

Y PF =3 y.A%A%) = arA
k k,s

where e, = (0, ...,1,...0) is the kth vector of the canonical basis, I' denotes the
matrix (7ks), and A denotes the matrix (A!, .., A™).
Using the fact that the matrix A is invertible, we may define I'* by :

P* = AT*A’

Note that there is a one-to-one correspondence between the P* and the I'*,
and that, in addition, P* is symmetric (resp. negative definite) if and only if ['*
is symmetric (resp. negative definite). Also, we have that pAF =1 /Ax for all
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k, which implies that A'p =3, §i. So we are looking for n matrices I'* that are
symmetric, negative definite, and such that :

"(25)- (=)

1

(then I' = 3, T).

The next remark is that we may suppose Ay = 1 Vk. Indeed, assume that
the T'* are solutions of the previous problem with Ay = 1, then define [** by
'751 = /\,-,\,-'yfj; then the I'* are solutions of the initial problem. We are thus facing

the problem :
* (Zei) _ (Zr‘) e (A11)

to be solved by symmetric, negative definite matrices I'*.
We can now exhibit a particular solution 'V = (F(l)l, o I’(”") by :

S L T T
R T B
=19 73 73 - T
7w T e oS
Y2 M2 7 Tn
2 7% 7% 7:% Y
r = Y3 Yz Yz - 7711
A A o
Ta Th A o
S Tn

| O [ S S 2]

fyn Fyn 771 771
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These matrices are symmetric and satisfy (A.11); moreover, one can easily fix
the coefficients such that they all are negative (y; < 7;+1 < 0). The only problem
left is that, among them, only ' is definite. Thus the final step is to define

other solutions using permutations permutation of rows and columns; i.e., we
define I'® = (I‘(i)l, _”’I‘(i)n) by

(T I HE R A
QL 71 = 7; '7.!:+1 ’Y;
Yier o Vi Yigr o Ta
Th T Tn /
( t 1 i 1 1 \
0% o Y T o Tm
Yo Y-l oo Yier Y1 oo Tn
%=1 % 7%y - " Ya - m
Yier Yiel o Yiel Yier o Tn
\ %% o N T
A M S
| To T Yn o T
=1y m o o

To Tn Mmoo Mm
These matrices have the same properties as the 'V)* except that here only
') is definite. Finally, take the I'* defined by :

Fk = Za.-l‘(‘)k, a; >0
i
These matrices are symmetric, negative definite, and solve the equation above,

QED ®m
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A.2. Computing the Cartan characters

We now proceed to the second step of our proof.

A first task is to compute the codimension of G™ (the set of all n -dimensional
integral elements; we refer to [4], [5] and [6] for this computation ) in the Grass-
mannian manifold of all tangent n -planes . To do this, take z = (p, A, A) €EM.
Any n-dimensional subspace E of the tangent space T, M satisfying (?7) is defined
by a set of equations :

d\i = Y Nydp’
J

dA, = Y M dp’
J

where the Ni; and the M}; satisfy (A.1) and (A.2). The map E — (N,-,-, Mk’])

is well-defined and one-to-one, so that the (Nij, M ,:J) provide a local coordinate
system for the set of n-dimensional subspaces of T, M. A!-, Lemma 3 above
shows that the set of (Nij,M,:j) that satisfy (A.1) and (A.2) is a subspace of
dimension n® — n(n — 1). This is precisely the dimension of R* x P* (R"), as
expected.

We now have to find the codimension of G™ in the Grassmannian R™ x P" (R").

In the (N,-J-, M,:J) coordinate system, G" is defined by (A.1) and (A.2) plus the

additional equations M\, = M*. Lemma ?? above shows that the set of solutions
to these has dimension §n2(n + 1) — n(n — 1). The codimension of G" is thus :

c = [n3 -n(n— 1)] — [%nz(n +1)—n(n-1)

Now, fix Z = (p, ), A) € M, with A << 0. From the previous subsection,
we know that we can find N;; and M ,:j such that the matrices M are symmetric
and positive definite. Let E the corresponding integral element; we claim that it
is ordinary. Indeed, consider the 1-forms :

e = dAy - Y Mi.dp’
J

b = ZN,-jdpj
j
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so that E is defined by 7} = 0,#* = 0. We have :

Y dajpadp* = 2( EMdep’)/\dp
k
= an/\dp

since My is symmetric. By a standard criterion, we have that, for 0 < ¢ < n :
H;=Span{1rz|i_<_n,k§€}
Therefore ¢, = dim H; = ¢n for £ < n, and :

cot+...+cp1 = n(0+1+...+(n—-1))
on—1
2

This coincides with ¢, the codimension of G™. So (z, E) is ordinary and we can
apply the Cartan-Kahler theorem.

B. Proof of Theorem 3.2

It obtains by slightly modifying the previous proof. Indeed, the problem at p
becomes :

X(p) = Y naAl

..I.Ai - #i(f’)
P —)“_

Vi

hence equation (A.1) is unchanged, while (A.2) becomes :

1 1 (p) D I" ] A2 ! 1 At !
Mp+A'=———Ny; + & N =———(p'M'+ AY) + —— (Dppi
P BYA M ¥ : #i(P)( ) #i(P) ( p(l;;) )
1

Substituting (B.1) into (A.1) gives :

‘ S
s+z A"—Z%—) Dpp)’ Z,\M' > ’\(*_) ‘p'M* (B.2)

,l‘-t : HilP ¢ HilP
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Note that :

P Z#( )A' phi) Z(Dpu,) =0 since Zu,—n

so that we still have that
p’ (s +y AAlAr -y

Now, the proof does not depend on the left hand side of (B.2). As for the right
hand side, we may define :

— A (Dpp,)' | =0
pi(P) (p#))

< Al

- ri(p)

so that . )
pr A =— Vi

Ay
Then the the right hand side of (B.2) becomes
YoM =Y A A'p'M!

and the previous proof exactly applies.
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